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KLOOSTERMAN SHEAVES FOR REDUCTIVE GROUPS 

JOCHEN HEINLOTH, BAO-CHAU NGO, AND ZHIWEI YUN 

Abstract. Deligne constructed a remarkable local system on P^ — {0, 00} attached to a 
family of Kloosterman sums. Katz calculated its monodromy and asked whether there are 
Kloosterman sheaves for general reductive groups and which automorphic forms should 
be attached to these local systems under the Langlands correspondence. 

Motivated by work of Gross and Frenkel-Gross we find an explicit family of such au- 
tomorphic forms and even a simple family of automorphic sheaves in the framework of 

\^ . the geometric Langlands program. We use these automorphic sheaves to construct £-adic 

Kloosterman sheaves for any reductive group in a uniform way, and describe the local and 
global monodromy of these Kloosterman sheaves. In particular, they give motivic Galois 

rK ■ representations with exceptional monodromy groups G2,F4,Ef and Eg,. This also gives 

^^ . an example of the geometric Langlands correspondence with wild ramifications for any 

"^ ' reductive group. 

-)— » 

a 

B-. 

Introduction 

ly-^ ■ 0.1. Review of classical Kloosterman sums and Kloosterman sheaves. Let n be a 

^ . positive integer and p be a prime number. For every finite extension Fg of Fp and a G F^ , 

(N 

l/~j ' 27ri 

O; Kl„(a;g):=(-l)"-^ V exp( TrF^/F^(xi + X2 + ■ ■ ■ + x„)). 

o P 

Kloosterman sums occur in the Fourier coefficients of modular forms. They satisfy the 
^ . Weil bound 

^■'' (0.1) |Kl„(a;g)|<ng("-i)/2. 

When n = 2, for any a G F^ , define the angle 9{a) G [0, n] to be such that 

where deg(a) is the degree of a over Fp. Then the angles {6{a)\a G F^ } are equidistributed 
according to the Sato- Tate measure - sin^ 9d6 on [0, vr], as deg(a) tends to 00. In general, 
a similar equidistribution theorem for Kl„(a;g) was proved by Katz [25], using Deligne's 
results in ITT]. 
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The above properties of Kloosterman sums were proved using a sheaf-theoretic incarna- 
tion. Let us recall this construction. In (TU], Deligne considered the diagram 



Ga 



Here Gm is the multiplicative group, Ga — A^ is the additive group, and a (resp. tt) is the 
map of taking the sum (resp. product) of the n-coordinates of GJ^. Let ■?/' : Fp — >■ Qti^fip)^ 
be a nontrivial character (here fip is the set of p-th roots of unity), and let AS^ be the 
associated Artin-Schreier local system on the additive group Ga over Fp. Deligne then 
defined the Kloosterman sheaf as the following complex of sheaves with Q£(yUp)-coefficients 
on Gm over F^: 

Kin := RTCia* AS^[n - 1]. 

Fix an embedding t : Qi^fip) "-^ C such that li/j^x) = exp{2nix/p) for x G Fp. For any 
a G Gm(Fg) = F^, denote by Frob^ the geometric Frobenius at a, acting on the geometric 
stalk (Kl„)a. Then, by the Grothendieck-Lefschetz trace formula we have: 

Kl„(a;g) = .Tr(Frob„(Kl„)^). 

In this sense, Kl„ is a sheaf-theoretic incarnation of the Kloosterman sums {Kl„(a; g')}(jgpx- 
In [ini Theoreme 7.4, 7.8], Deligne proved: 

(1) Kl„ is concentrated in degree 0, and is a local system of rank n. 

(2) Kl„ is tamely ramified around {0}, and the monodromy is unipotent with a single 
Jordan block. 

(3) Kl„ is totally wildly ramified around {oo} (i.e., the wild inertia at oo has no nonzero 
fixed vector on the stalk of Kl„), and the Swan conductor Swanoo(Kl„) = 1. 

(4) Kl„ is pure of weight n — 1 (which implies the estimate (10.11) ) . 

In [25l §8.7], Katz proved the unicity of Kloosterman sheaves: if a rank n local system L 
on Gm satisfies properties ([2]) and (^ listed above, then L is isomorphic to Kl„ on G^^Fp 
up to a translation action on Gm- Moreover, in [251 §11], Katz further studied the global 
geometric monodromy of Kl„. Fix a geometric point r/ of Gm and denote by 

ip : 7ri(Gm,r7) -^ GL„((Q£(/ip)) 

the monodromy representation associated to the Kloosterman sheaf Kl„. Let ip^^° be the 
restriction of ip to vri(Gm ®Fg ^q, v)- Katz determined the Zariski closure Ggeo of the image 
of ip^'^" to be: 





'Sp. 


n even 


Ggeo — < 


SL„ 

so„ 


n odd,p odd 
n odd, n 7^ 3,p 




G2 


n = 7,p = 2. 



(0.2) 



Using Deligne's theorem in [TTj this allowed him to deduce that the conjugacy classes for 
the Frobenius elements Froba are equidistributed according to a "Sato- Tate" measure. 
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0.2. Motivation and goal of the paper. In view of the mysterious appearance of the 
exceptional group G2 as the global geometric monodromy, Katz asked ([2S] P- 1-5) whether 
all semisimple groups appear as geometric monodromy of local systems on G^. Alterna- 
tively, are there exponential sums whose equidistribution laws are governed by arbitrary 
simple groups, and especially by exceptional groups? 

In this paper we find a uniform construction of such local systems. For any split reductive 
group G, we will construct a G-local system KXq on G^ = Pwg ooj with similar local 
ramifications as Kl„, and when G = GL„, we recover the Kloosterman sheaf Kl„ of Deligne. 
We will determine the Zariski closure of its global geometric monodromy (which turns out 
to be "large"), prove purity of the sheaf and deduce equidistribution laws. Finally, we give 
a conjecture about the unicity of such Galois representations (or local systems). 

For the purpose of the introduction, let us restrict to the following cases. Assume G is 
either a split, almost simple and simply-connected group over k = Fg, or G = GL„ over k. 
Let G be its Langlands dual group over Qe{fip), which is either a split, simple and adjoint 
group, or GL„. 

The motivation of our construction comes from the Langlands correspondence for the 
rational function field K = k{t). Already in his study of Kloosterman sheaves, Katz [25] 
suggested the following: 

"■ • • It would be interesting to compare this result with the conjectural description of such 
sheaves, provided by the Langlands philosophy, in terms of automorphic forms." 

In a series of work [2U] , [21] , |22] , [U] , Gross, partly joint with Reeder and with Frenkel, 
proposed a candidate automorphic representation vr of G{Ak) which, in the case of G = 
GL„, should give the Kloosterman sheaf Kl„. Let us briefiy review their work. 

In [20], Gross and Reeder gave the following construction of a representation V^ of 
G(/c((s))). Fix a Borel subgroup B E G and denote by U the unipotent radical of B. 
Denote by /(O) := {g G G(fc[[s]])|5' mod s G B} the Iwahori subgroup of (j(fc[[s]]) and by 
J(l) := {g G G(fc[[s]])|5f mod s E U} the unipotent radical of /(O). For any affine generic 
character 0: J(l) — )■ Q^(/ip) (see §1.3p . let V^ := c-Indj-.L^^|L(0 ® 1) be the compactly 
induced representation of G(/c((s))). Gross and Reeder show that this representation is 
irreducible and supercuspidal. 

For any global field F, Gross [21] managed to use the trace formula to obtain an ex- 
pression for the multiplicities of automorphic representations vr of G{Af) whose ramified 
local components are either the Steinberg representation or the representation V^. In par- 
ticular, when the global field is K = k{t), this formula implies that, for any semisimple 
simply connected group G, there is unique cuspidal automorphic representation vr = 7r(0) 
of G{Ak) such that 

([T]) vr is unramified outside {0, 00}; 

02]) vTo is the Steinberg representation of G(A;((t))); 

([3]) TToo is the simple supercuspidal representation V^ of G{k{{s))), s = t^^. 

Motivated by the Langlands philosophy. Gross [22] raised the following conjecture: the 
automorphic representation vr = 7r(0) should correspond to a G-local system K1^(0) on 
Gm = ]P\|ooo>' which we will call the Kloosterman sheaf associated to G and 0, with the 
following properties parallel to that of vr: 
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dl]) Kl(j(0) is a G-local system on Gm = Puooo}- 

([2]) KIq{(J)) is tamely ramified around {0}, and the monodromy is a regular unipotent 

element in G. 
([3]) The local system Kl^^ (0) associated to the adjoint representation of G (which is 

a local system on Pwooo} ^^ rank dimG) is totally ramified around {c)o} (i.e., the 

inert group at oo has no nonzero fixed vector), and Swanoo(Klg (0)) = r(G), the 

rank of G. 
(jl]) For any irreducible representation V of G, the associated local system K1^(0) is 

pure. 

For G = GL„, the sheaf Kl„ has the above properties. For G of type A, B, C and G2, 
G- local systems with the above properties were constructed earlier by Katz [26], using a 
case-by-case construction, and using Kl„ as building blocks. 

In [15j , Gross and Frenkel constructed an analog of such local systems over the complex 
numbers. Namely, they defined a Gc-connection Vq on Pj~;\{0, 00} (depending on the 
choice of nonzero vectors in the affine simple root spaces of g). This connection has 
regular singularity at {0} and irregular singularities at 00, parallel to the properties ([2]) 
and (I3l) above. They furthermore show that Vq{X) is cohomologically rigid ^E, Theorem 
1], and compute the differential Galois group of these connections. For G of type A, B, G 
and G2, they verify that Vq coincide with connections constructed by Katz [26] which 
are the analogs of Katz's £-adic (5- local systems mentioned above. All these give strong 
evidence that Vq{X) should be the correct de Rham analog of the conjectural local system 

K1g(0). 

The predictions about the conjectural local system KIq{(J)) made in [15] served as a 
guideline for our work. 

0.3. Method of construction. Our construction of the Kloosterman sheaves can be 
summarized as follows. 

We start with the automorphic representation vr mentioned above. The key observation 
is, that TT contains a Hecke eigenfunction f^, which can be written down explicitly using 
the combinatorics of the double coset G{K)\G{Ak)/Io x /oo(2) x Ux^o,ooG{0^) f023]). 

The points of this double coset are the rational points of a moduli stack BunG'(o,2) of G- 
bundles on P^ with a particular level structure at and 00 and we can upgrade the function 
f(f) to a sheaf A^f, on this stack. We then prove that this sheaf is indeed a Hecke eigensheaf. 
In particular we show that the eigenvalues of the geometric Hecke operators applied to A^j, 
define a G-local system on P^g 00} ^ °^^ Kloosterman sheaf Kl(5(0). Technically, the proof 
of this result relies on the fact that the sheaf A^ is a clean extension of a local system with 
affine support. 

In the case G = GL„ we compute the local system K[q{(J)) explicitly. For a particular 0, 
the rank n local system associated to KIq{(J)) and the standard representation oi G = GL„ 
turns out to be the Kloosterman sheaf Kl„ of Deligne. Here Deligne's diagram will reappear 
as a part of a geometric Hecke transformation. 

Our construction also works when we replace G by a certain class of quasi-split group 
schemes Q over Plr^ ^^ and there is also a variant depending on an additional Kummer 
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character. These generahzation seems to be the natural setup needed in order to com- 
pare Kloosterman sheaves for different groups. Since the generahzation does not require 
additional arguments, we will give the construction in this more general setup. 

0.4. Properties of Kloosterman sheaves. The longest part of the paper (§1]-^ is 
then devoted to the study of local and global properties of Kloosterman sheaves K\q{(J)) 
for simple adjoint groups G. 

First, using [llj, the expected purity property (jl]) is a corollary to our construction. 
When G is adjoint we can moreover normalize K1^(0) to be pure of weight 0. Thus, fixing 
an embedding t : Q^(/^p) M- C as before, the exponential sums 

Klg(0; a; q) = .Tr(Frob„ (Klg(0))a), for aeF^,Ve Rep{G) 



satisfy the Weil bound 



\K\l{(f);a;q)\ < dim V. 



The property ([2]) about the monodromy at (see Theorem [T](2)) will be prove in §4.31 
The property ([3]) about the monodromy at oo (see Theorem [2]) will be proved in ^ The 
calculation of the Swan conductors involves a detailed study of the geometry of certain 
Schubert varieties in the affine Grassmannian, which occupies a large part of ^ Using a 
result of Gross- Reeder [20] , one can give an explicit description of the monodromy at oo 
(Corollary I2.13p . Together these results show that the local system K\q{(J)) satisfies the 
properties (l)-(4) expected by Gross. 
Again, let 

^:^i(P\{o,oo}'^) ^G{QeM) 
be the monodromy representation associated to the Kloosterman sheaf KIq{(J)), and let 
(^geo Y)Q its restriction to 7ri(Pwooo| ®fe k,!]). We find (Theorem [3]) that for p > 2 (and 
p > 3 in the case G = B-i) the Zariski closure Ggeo of the image of ^9^*^° coincides with 
the differential Galois group Gy of V q{X) calculated by Frenkel-Gross in [l5j Cor. 9, 10], 
which we list in Table [1] 

Table 1. Global geometric monodromy of Klg(0) 



G 


^-''geo 


A2n 


A2n 


^2n-l, Cn 


Cn 


Bn, Dr,+ i {n > 4) 


Bn 


Ej 


E, 


Es 


Es 


Eq.F^ 


F, 


-S3, -D4, G2 


G2. 



Using Katz's argument ([251 §3, §13]) this implies the following equidistribution law for 
the conjugacy classes (^(Frob^). 
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Corollary. Suppose G is simple and adjoint (in this case the whole image of ip lies in 
Ggco)- Let Ggco,c C G'gco(C) be a compact real form (using the embedding t : Q^(/ip) M- C 
to make sense of Ggcoi'C)). Let G'^gco,c ^^ ^^^ ^^^ of conjugacy classes of Ggco,c- 

For a G k , the conjugacy class (piYioha) o/Ggeo(C) in fact belongs to Ggeo,c- ^^ deg(a) 
(the degree of the field extension k{a)/k) tends to oo, the conjugacy classes 

MFrob.)|aer}cGj,„,, 

become equidistributed according to the push-forward of the Haar measure from Ggco c to 
& . 

geo,c 

0.5. Open problems. Compared to the known results about Kl„, the only missing piece 
for K1q((/)) is the unicity. We prove that Kl(5((/)) is cohomologically rigid, i.e., 

This gives evidence for the physical rigidity of ¥AQ{(f)): any other local system L on P^g ao\ 
satisfying properties ([2]) and (|3]) should be isomorphic to ¥Aq{(J)) over P\|ooo} ®k k. We 
will state the precise unicity conjecture in Conjecture 17. II and 17.21 

Table [1] also suggests that the Kloosterman sheaves for different groups G appearing in 
the same line of the table should be essentially the same (see Conjecture 17.31) . This can be 
viewed as a functoriality statement for Kloosterman sheaves. 

Also, the monodromy of Kloosterman sheaves is studied in detail only for split groups. 
In §7.2[ we state our predictions on the local and global monodromy of KlLg(0) for Q a 
quasi-split, simple and simply-connected group scheme over P^ with good reduction at all 
places outside {0, oo}, which is split by a tame Kummer cover [A^] : Plrgoo} ~^ ^uoooj 

0.6. Organization of the paper. In [HI we define the various group schemes Q{mo, moo) 
over P^ encoding the level structures of the moduli stacks of G-bundles on which the 
automorphic sheaves will be defined. We also give a description of the geometry of these 
moduli stacks. In §2l we construct the automorphic sheaf A^ and state the main results 
of the paper. The proofs are given in §1]-^ ^ is devoted to the case G = GL„, where 
we recover classical Kloosterman sheaves of Deligne. In ^ we state our conjectures about 
rigidity of Kloosterman sheaves, and our expectations about Kloosterman sheaves for quasi- 
split groups. 

The paper contains four appendices. In §H1 we prove the structure theorem for the moduli 
spaces Bung in the generality of quasi-split groups. In ^ we prove compatibility between 
outer automorphisms and the geometric Satake equivalence. This is needed to describe 
the global monodromy image of Kloosterman sheaves and we couldn't find a reference for 
the result. In ^ HOj we collect some facts about quasi- minuscule representations of G. In 
^TT\ we analyze the geometry of the adjoint Schubert variety for G2, which does not fit 
into the uniform treatment for groups of other types. 
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Institute for Advanced Study in 2009-2010. They would like to thank the IAS for excellent 
working condition. 
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1. Structural groups 

We will work over a fixed finite field k of characteristic p. We fix a coordinate t of our 
base curve P-*^, so that A^ = Spec(/i;[t]) C P^. We write s := t~^ for the coordinate around 
oo e P^ 

For any closed point x G P^ we will denote by O^ the completed local ring at x and by 
Kx the fraction field of O^- 

Since we are interested in the geometric Langlands correspondence for (wildly) ramified 
local systems we will need to consider principal bundles with various level structures. It 
will be convenient to view these as torsors under group schemes Q over P^. Moreover, in 
order to formulate the conjectured functoriality, it will be useful to allow quasi-split group 
schemes. We will introduce these group schemes in several steps. 

1.1. Quasi-split group schemes over Pwg oo}- ^^ ^i^^ assume that ^|P^|q ^i is a quasi- 
split reductive group. Moreover we will assume that there is a finite extension k' /k and an 
integer A^ with {N,p) = 1, such that Q splits over the tame extension [A^] : Gm,k' -^ Gm,fe' 
defined by t n- 1^. We may and will assume that k' contains all A^— th roots of unity. We 
write yUiv for the group of A^-th roots of unity. 

We will fix subgroups S C T G B G Q, where S* is a maximal split torus, T is a maximal 
torus and ;B is a Borel subgroup. We also fix a quasi-pinning of Q. 

In order to describe our group schemes, we will for simplicity assume that k = k'. In 
general, the construction we give will be invariant under Gal{k'/k), so that Galois-descent 
will then give the general case. 

By [13] (Exp. XXIV, Thm 3.11) these groups can be described explicitly as follows. By 
assumption there is a split reductive group G over k such that [A^]*^|(Gm = G x G^- The 
automorphism group of the covering [A^] is fi^. We fix T C -B C G a split maximal torus 
and a Borel subgroup as well as a pinning f of G. 

This data defines a morphism a: fi^ — )• Aut^(G), where Aut^(G) is the automorphisms 
of G respecting the pinning. Let us denote by [N]^{G x Gm) the Weil restriction of G x (Gm 
for the covering [A^]. Then fi^ acts on this Weil restriction by the action of a on G and 
by the action on the covering [A^]. We will denote the diagonal action again by a. Then 
descent implies: 

^|P\{0,oo} = m*iG X P({o,oo}))'' = (^ X ^m)/if^N). 

1.2. Level structures at and oo. Next we need to describe several extensions of 
^l^viooo} t° P^- W^ "^ill again denote by [A^] : P^ -)■ P^ the map given by t i-)- 1^. 
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The group ^|P\|ooo} ^^^^ ^^ extended as the (special) Bruhat-Tits group Q defined by 
the convex function, which is on all roots. Since we assumed that ^|P\|ooo| splits over 
a tame extension this group can be described as the connected component of the group 
{[N]4G X pi))-. The subgroups S C TlP^io.oo} ^ ^|P\{o,oo} ^ ^|P\{o,oo} define closed 
subgroups S C T C B C Q. 

We will need to introduce level structures at and oo. These will correspond to the first 
steps of the Moy-Prasad filtration of ^. A self-contained exposition of the construction of 
these group schemes can be found in the preprint of Yu |36j . 

We first consider tori. For a split torus T = GJ„ x P^ we will denote by T{mQ,m^) the 
smooth group scheme over P^ such that 

T(mo,moo)|P\{o,oo} = ^m x P\{0,oo} 

T(mo,moo)(Opi,o) = [o e T{Oj>.^^)\g = 1 mod t™°} 
T(mo,moo)(OFi,oo) = {9e T{OTpi,^)\g = 1 mod s"^^}. 

This also defines a filtration for induced tori. For an arbitrary torus T, pick an embedding 
into an induced torus T ■— )■ X and define the filtration by pulling back the filtration on 
X. By [36] Section 4, this definition is independent of the chosen embedding and since we 
assumed that T splits over a tame extension the subgroups define connected groups. 

For reductive groups ^|IP\|ooo| ^^ want to define models G{rnQ,moo) for mo, moo £ 
{0,1,2}, corresponding to the mo-th (resp. rrioo-th) step in the Moy-Prasad filtration of 
the Iwahori subgroup at (resp. oo). 

First assume that ^ = G x P^ is a split, semisimple group. As before, we fix 5 = T C 
B G G a split maximal torus and a Borel subgroup and a pinning of G. We denote by 
U C B the unipotent subgroup. Denote by $ = $(G, S) the set of roots and ^"^ C $ the 
set of positive and negative roots with respect to the chosen Borel subgroup. Let ai, . . . a^ 
denote the positive, simple roots and by {6j} the highest roots of G. Finally for each root 
a let Ua denote the corresponding root subgroup of G. 

We will consider the following bounded subgroups of (^(^[[s]]): 

-^(0) •= {9 ^ ^(^[H])|5' i^od s G B} is the Iwahori subgroup. 

/(I) := {g G G(/c[[s]])|5' mod s G t/} is the unipotent radical of /(O). 

To describe /(2) let /: $ U {0} — )■ N be the concave function defined by /(O) = 1 and 



/(") 



if a G $+ \ {a,} is positive, but not simple 

if a = aj is a positive simple root 

iiae<^-\{-9,} 

if a = —6j is the negative of a highest root. 



/(2) C (^(/^[[s]]) denotes the bounded subgroup defined by the concave function /, i.e., 
the subgroup generated by {u G Ua\u = 1 mod s-^^^^} and {g G T(fc[[s]])|(7 = 1 mod s}. 

Note that by definition /(l)//(2) = ©„ simple affineGa is isomorphic to the sum of the root 
subgroups Ua C G(fc[[s]]) for which a is a simple affine root. 

Similarly we define J(i)°PP C G(A;[[t]]) to be the analogous groups obtained by using the 
opposite Borel subgroup i?°PP in the above definition. 
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Example. For G = SL„ we choose 5* = T to be the diagonal matrices and B the upper 
triangular matrices. Then the subgroup /(O) C ^^^(^[[s]]) is the subgroup of matrices, 
such that the lower diagonal entries are divisible by s. /(I) C /(O) is the subgroup such 
that the diagonal entries are elements of 1 + sA;[[s]] 

The root subgroups of SL„ for the simple roots are given by the above- diagonal entries 
aj^j_i_i and the U-a of the negative of the longest root is given by the entry in the lower left 

/l + sk[[s]] sk[[s]] k[[s]] k[[s]] 

corner. So /(2) consists of matrices of the form , , rr m i r rr m 7 rr n 

^ ' sk[[s\\ sk[[s\\ 1 + sk[[sJJ s«;[[sJJ 

V s^k[[s]] sk[[s]] sk[[s]] l + k[[s]] 

We obtain an isomorphism /(l)//(2) = A" by mapping a matrix {ay) to the leading co- 
efficients of the entries aj^j+i and a„^i. 

For a general, split reductive group ^ = G x P^ we consider the derived group Gdcr 
and the connected component of the center Z{G)°, which is a torus. We will temporarily 
denote by lG^^^{i),lG"^ {i) the groups defined above for the semisimple group Gder and 
define 

Ii^)■.= ZiGn^)ik[[s]])■IG.^.i^)cgik[[s]]) 

and similarly /(z)°pp. = Z{Gy{i,m^){k[[t]])I^Pl^{{}. 

For split, reductive groups ^ = G x P^ the group G(mo,moo) denotes the Bruhat Tits 
group scheme such that 

G(mo,moo)|P\{o,oo} = G x <G^ 
G(mo,moo)(Coo) = /("^oo) and 
G(mo,m^)(Oo) = /(mo)°PP. 

Finally for a general quasi-split group we define 

Q{mo,moo) ■■= {{[N]^G{mo,moo)yy. 

Note that for tori this does not give a new definition. 
We will abbreviate: 

/(moo) := G{mo,m^){Ooc,)- 
r{mo) := ^(mo,moo)(P^ - {oo}). 

Recall from [32] that the groups I{m) have a natural structure as (infinite dimensional) 
group schemes over k. 

1.3. AfRne generic characters. As indicated before our construction depends on the 
choice of a character of /(I). We call a linear function 0: J(l)//(2) — )■ A^ generic if for 
any simple affine root a, the restriction of (p to [/„ is non-trivial. Throughout we will fix 
such a generic 0. 

We will fix a non-trivial additive character ip: Fp — )■ Q^ and denote the character A; — )■ Q^ 
defined as ■?/' o Tik/Wp again by ip. With this notation, the character ipocp is called an ajfine 
generic character of /(I). 
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1.4. Principal bundles. Having defined our groups, we need to collect some basic results 
on the geometry of the moduli stacks of ^-bundles Bung. All of these are well-known for 
constant groups (see e.g., [H] for a recent account). In order to generalize these results 
to our setup we rely on [32] and [23], where the corresponding results on twisted loop 
groups are explained. Let us point out that, except for the computation of the connected 
components of Bung, all results are particular to group schemes over P^, that split over a 
tamely ramified covering [N] : P^ — )■ P^. 

First, we recall some results and notations from [23]. We denote by J\f the normalizer 
of T and by W := A/'(fc((s)))/T(fc[[s]]) the Iwahori-Weyl group. Furthermore denote 
by Wq := J\f{k{{s)))/T{k{{s))) the relative Weyl group. This is isomorphic to the Weyl 
group of the reductive quotient of the special fiber Qoo,red (loc.cit. Proposition 13) and 



\{0,oo}'' 



0- 



Denote by Wa the affine Weyl group of the root system of Q{k{{s))), which can be 
identified with the Iwahori-Weyl group of the simply connected cover of the derived group 
of ^ ([23] p.l96). This is a Coxeter group. Then W ^Wa^n, where Q ^ X*(Z(G)^i(^'-)) 
is the stabilizer of an alcove. 

Finally, for x G P^ — {oo} we denote by Grg.j. the affine Grafimannian (see [32]) so 
that Grg^cik) = Q{K^)/Q{Ox)- It can also be defined as the ind-scheme parametrizing 

^-bundles V on P^ together with a triviahzation ip: 'P|pi\{x} — -> Qtp'^\{x} (e.g.. [21]). 

Proposition 1.1. Assume that the ground field k is either finite, or algebraically closed. 
Let Q over P^ be a quasi-split group scheme as defined in ^ Then the following holds: 

(1) For any x G P\ the canonical map Grg-j, — > Bung has sections, locally in the 
smooth topology on Bung . Moreover, this map is essentially surjective on k points, 
i.e., for any Q -bundle over P^ its restriction to P"^\{x} is trivial. 

(2) 7ro(Bung) = n,{[N]*g\Gm)n,iG,„) = ^- 

(3) Every Q-bundle on P^ admits a reduction to T . 

(4) (Birkhoff- Grothendieck decomposition) 

g{o,o){ki{s))) = ]li-io)-w-m. 

If ^ = G X PMs a split group, a proof of this result can be found in [H]. Since the case 
of split groups was our starting point, we will postpone the proof of the general case to the 
appendix. For 7 G fi we will denote by 'Qvjil, . the corresponding connected component 

of Bung(m,n). 

Let us collect some consequences of this result: 

Corollary 1.2. Let n G {0, l,2},?7i G {0,1}. Any 7 G i7 defines an isomorphism 
Hk^: Bung(m,i) — )■ Bung(m^„). This induces an isomorphism of the connected components 
Bun[i/ „\ — 7- BunL .. 

In particular all connected components o/Bung(m,n) o'^e isomorphic. 

Proof. By part (2) of the proposition, the connected components of Bung(m, n) are indexed 
by new. 
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Since Q is the stabilizer of the alcove defining /(0)°pp any 7 G i7 normalizes J(0)°pp 
and its unipotent radical /(1)°pp. Thus Q acts by right-multiplication on Grg(m,n),o = 
^(/c((t)))/J(m)°PP. This defines an isomorphism Hk^: Bung(m„) — )• Bung(m„). Moreover, 
[23] Lemma 14 implies that the restriction of this map to Buug^^ ^x induces an isomorphism 
Bun°(^„) ^ Bun^(^„). D 

Corollary 1.3. (1) Denote by ^(P"^) the automorphism group of the trivial Q-hundle. 
Then the inclusion BQ{^^) — )■ Bung is an affine, open embedding. 

(2) Denote by r(P^) = H^{¥^,T) = if°(P\ ^(0, 0)) the automorphism group of the 
trivial Q (0,0) -bundle. The inclusion of the trivial bundle defines an affine open 
embedding B(T(P^)) M- Bung(o,o)- 

(3) The trivial Q{0, l)-bundle defines an affine, open embedding Spec(/c) M- Buugj-Q ^^-j. 

(4) Applying the action 0/ J(l)//(2) on Bung(o,2) to the trivial Q{0, 2)-bundle, we obtain 
a canonical map Jq: /(1)//(2) "^ Bung(o,2)- This is an affine open embedding. 

(5) For any 7 G fi the map 

j^ := Hk^ojo: /(l)//(2) ^ Buncj(o,2) 

is an affine open embedding, called the big cell. 

(6) Applying the action ofT^^'^ x /(l)//(2) on Bung(i^2) to the trivial ^(1, 2)-bundle we 
obtain canonical affine embeddings: 

Jo: V X /(l)//(2) ^ Bung(i,2) and 
~3, := Hk^ojo: V'^ x /(l)//(2) ^ Bune(i,2). 

Proof. Let us first recall, why this corollary holds for GL„. For (1) note that the only 
vector bundle on P^ of rank n with trivial cohomology is the bundle (9(— l)". Therefore 
the inverse of the determinant of cohomology line bundle on BunGL„ has a section vanishing 
precisely on the trivial bundle. This proves (1) in this case. Next, recall that a GL„(0,0) 
bundle is a vector bundle together with full fiags at and 00. Let us denote by Modj^o '■ 
BunQL„(o,o) ~^ -^^^GL„(o,o) ^^^ ^"^^ upper modification along the fiag at 0. The inverse of 
this map is given by the i-th lower modification, which we will denote by Mod_i,o- To 
prove (2) denote by Modj^oo the i-th. modification at 00. The trivial GL„(0, 0)-bundle is 
the bundle given by C" and the canonical opposite fiags (Vi,o)i=o,...,n of the fiber (C")o 
at and (Vi^oo)j=o,...,n at 00. This is the only GL„(0, 0)-bundle (^, V^^o; ^i,oo) of degree 
on P^ such that the complex £ — )■ £^0/^,0 © <^oo/^-i,oo has trivial cohomology for all i. 
Thus again, the inclusion of the trivial GL„(0,0) bundle in BunGL„(o,o) is defined by the 
non- vanishing of sections of line bundles. 

For general Q we pick a faithful representation p\ Q ^ GL„ x P^. This defines a map 
Bung — 7- BuuGLn- The Birkhoff-Grothendieck decomposition implies that a Q bundle is 
trivial, if and only if the associated GL„ bundle is trivial. Moreover, in order to check that 
the reductions to S at 0, 00 are opposite it is also sufficient to check this on the induced 
GL„-bundle. This proves (1) and (2). 

(3) follows from (2) and the isomorphism //"(P^, T) = Tq^"^ from the proof of Proposition 
11.11 (4) follows from this, because the map Bung(o,2) — ^ Bung(o,i) is an /(l)//(2)-torsor. By 
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corollary 11.21 (5) follows from (4). Finally (6) follows from (5) since Bung(i2) — )• Bung(o,2) 
is a 7o^*^'^-torsor. D 

2. ElGENSHEAF AND EIGENVALUES — STATEMENT OF MAIN RESULTS 

In this section we will construct the automorphic sheaf A^. We will also state our main 
results about the local and global monodromy of the Kloosterman sheaf K\Lg{(f), x), which 
will be defined to be the eigenvalue of A^ 

2.1. The eigenfunction. In this subsection we give a simple formula for an eigenfunction 
in Gross' automorphic representation vr. Surprisingly this calculation turns out to be 
independent of Gross' result. 

We will use the generic affine character ifj o (p: J(l)//(2) — )■ Q^ chosen in Section [L3l 

By Proposition 11.11 we know 

Bung(o,2)(A;)=^(A;(t))\^(0,2)(A,(t))/n^(0,2)(a.) 

X 

= i-{Q)\g{k{{s)))/m. 

and 

<3ms)))= ii/-(oM(i). 

Suppose we were given, as in the introduction, an automorphic representation tt = ^'n^ 
of Q{Kk{t)) such that for v ^ {0, oo} the local representation Hy is unramified, ttq is the 
Steinberg representation and such that vToo occurs in c-Ind^Ll^ Al J-^^ ■?/; o 0. Then there 
exists a function / on Bung(o,2)(fc) such that f{gk) = tp{(f){k))f{g) for all k G /(I). 

The following lemma characterizes such functions in an elementary way: 

Lemma 2.1. Let f : Bung(o,2)(^) -^ Qi be a function such that for all k E -^(l),fi' G 
Q{0,2){k{{s))) we have f{gk) = ■ilj{(f){k))f{g). Then f is uniquely determined by the values 
f{'~f) for 7 G i7. Moreover f{w) = for all w E W — Q. 

Proof. For any w E W with l{w) > there exists a simple affine root ctj such that w.ai is 
negative. This implies that wUaiW^^ C /~(0). This implies that for all u G f/o,. we have 
ip{(j){u))f{w) = f{wu) = f{w) so f{w) = 0. For w with l{w) = 0, i.e. w E Q the value of 
f{'j) can be arbitrary by Corollary 11.31 D 

Remark 2.2. Any function / in the above Lemma is automatically cuspidal. In fact, for 
any parabolic Q <Z G with unipotent radical Nq, the constant term function 



fNQ{g) = / f{ng)dn. 

J Nq{K)\Nq(Ak) 

is left invariant under Nq{Koo) and right equivariant under /oo(l) against the character 
iIj(J). a similar argument as in Lemma [2.11 shows that such a function must be zero. 
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2.2. The eigensheaf. Let us reformulate the preceding observation geometricaUy. Denote 
by AS^ the Artin-Schreier sheaf on A^ defined by the character ip. We set AS,^ := 0*(AS^), 
the pull back of the Artin-Schreier sheaf to /(l)//(2) = A*^. 

Let us denote by Perv(Bung(o,2))'^*-^'''^^'^ the category of perverse sheaves on Bung(o,2) 
that are (J(l), AS<)i)-equivariant. We will use this notation more generally for any stack 
with an action of J(l)/J(2). 

For any 7 G fi denote by j^: /(l)//(2) "^ Bun^^Qg) the embedding of the big cell and 
by i^: Spec(A;) — )■ Bun^,g2) the map given by the ^(0,2) bundle defined by 7. 

The following is the geometric analog of Lemma 12.11 

Lemma 2.3. The sheaf AS ^ satisfies j^^i AS^ = j^^^AS^. 
Moreover, for any 7 G f2 the functor 

Perv(G„) -^ Perv(Bun^(0 2) ^ ^rn) 

F ^ j^ I AS<^ KF[dim(Bung(o,2))] 
is an equivalence of categories. An inverse is given by 

K ^ {i^ X idpi^^^^)*i^[-dim(Bung(o,2))]. 

Proof. For any w G W — Q we pick a representative in A/'(T((t))), again denoted by 
w. Consider the ^(0, 2)-bundle Pw defined by w. Let Ua C /(I) be a root subgroup 
corresponding to a simple afSne root a such that w.a is negative, i.e. such that U^.a C 
/^(O). This defines an inclusion Ua ■— ;■ Aut(P^). Thus we get a commutative square: 

Ua X Spec(A;) ^ Spec(A;) . 



id,P„ 



act 



Ua X Bun£;(o,2) ^ Bung(o,2) 

This implies that (AS^ |c/^) ^ K\p^ = Q^Ic/q ^ K\p^. Since we assumed that AS,^ \u^ is 
defined by a nontrivial character of Ua it follows that the stalk of K at P^ vanishes. Dually 
the same result holds for the costalk of K at P^,- 

This proves our first claim. Also for our second claim, this implies that any (/(I), AS^)- 
equivariant perverse sheaf on BunLQ2) is its !-extension form the substack j^(/(l)//(2)). 
On this substack tensoring with the local system AS^ gives an equivalence between (/(l)//(2))- 
equivariant sheaves and (/(l)//(2), AS(^)-equivariant sheaves. This proves our claim. D 

Using this lemma we can now define our automorphic sheaf: 

Definition 2.4. We define A^ G Perv(Bung(o,2))'^*-^'''^^'* to he the perverse sheaf given on 
the component BunLgg) ^?/ ^7,! AS(^[dim(Bung(o,2))]- We will denote by AZ the restriction 
of A^ to the component Bniig,^^-,. 

Remark 2.5 (A variant with multiplicative characters). We can generalize the above 
construction of A^ slightly. Recall that the open cell in BunZ^ 2) is canonically isomorphic 

to Tq^'^ X /(l)//(0). Any character x'- T^'^'^i.^) ~^ Q^ defines a character sheaf Kum^^ on 
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j'red^ Then the above Lemma 1231 also holds for (7^'"'^'^x /(l)//(0), Kum^lElAS(^)-equivariant 
sheaves on Bung(i 2). We will denote the corresponding perverse sheaf on Bung(i 2) by A^f,^^. 

2.3. The geometric Hecke operators. In order to state our main result, we need to 
recall the definition of the geometric Hecke operators. 
The stack of Hecke modifications is the stack 

Heckeg(^„)(^) := ((^i,^2,a;,¥?) I =, ^ 1 

This stack has natural forgetful maps: 
(2.6) Hecke^(:,,„) ^-^^^-^ A' 

Pri ^ ■^^^ Pi'2 



Bnng(^rn,n) Bun5(^^„) X A^. 

We will denote by Hecke^J^°;-> := pr^l(P(^o^^^). 

Remark 2.7. (1) The fiber of pr^^ over the trivial bundle Q{m,n) G Bung is called 
the Beilinson-Drinfeld GraBmannian. It will be denoted by GRg(m,n)- The fibers 
of GRg — )■ A^ over a point x G PIiq ^o} ^^^ isomorphic to the afiine GraBmannian 
Grg,^, the quotient Q{K^)/Q{Or,). 

(2) The geometric fibers of pr2 over Bung(m,n) x ^{to 00} ^^^ (non-canonically) iso- 
morphic to the afiine GraBmannian Gr^. Locally in the smooth topology on 
Bung X Pwqqo} ^his fibration is trivial (e.g., Remark 14. ip . 

(3) There diagram (12. 6p has a large group of symmetries. The group /(0)//(2) = 



(/(l)//(2)) X T^ acts on Bung(m^2) by changing the J(2)-level structures at 00, 
and this action extends to the diagram (12. 6p (i.e., it also acts on Heckcg^^g)) ^^^1 
the maps pr, are equivariant under these actions). The one dimensional torus (G™* 
acts on the curve P^ fixing the points {0} and {cxd}, hence it also acts on (12. 6p 



Finally, the pinned automorphisms Aut^(G) act on (12. 6p . So we see that the group 

/(0)//(2) X (GJ^* X Aut^G)) acts on the diagram (IXej) . 

Let us first recall the Hecke-operators for constant group schemes. For this, we collect 
some facts about the geometric Satake equivalence (see [30], [T8]). 

Let Grc = G'((r))/G[[r]] be the abstract afiine GraBmannian, without reference to any 
point on P\rooo|- ^et O = k[[T]] and let Auto be the pro-algebraic /c-group of continuous 
(under the r-adic topology) automorphisms of O. Then G[[t]] x Auto acts on Gr^ from 
the left. The G[[t]] orbits on Gr^ are indexed by dominant cocharacter /x G X*(T)+. The 
orbits are denoted by Gr^,^ and their closures (the Schubert varieties) are denoted GrG,<^. 
We denote the intersection cohomology sheaf of on Gr^ <^ by IC^. We will normalize IC^ 
to be of weight (see Remark 12.91 below) . 

The Satake category Sat = PervAutc,(G'[[r]]\G'((r))/G'[[r]]), is the category of G[[t]] x 
Auto-equivariant perverse sheaves (with finite-type support) on Gr^. Similarly, we define 
Sat^'^° by considering the base change of the situation to k. Finally we define the normalized 
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semisimple Satake category S to be the full subcategory of Sat consisting of direct sums 
of IC^'s. 



In [30] and [H], it was shown that 

• Sat^*^" carries a natural tensor structure (which is also defined for Sat), such that 
the global cohomology functor h = H*{Gtg, —) '■ Sat^*'" — )■ Vec is a fiber functor. 

• Aut '^(h) is a connected reductive group over Q^ which is Langlands dual to G. Let 
G := Aut®(/i), then the Tannakian formalism gives the geometric Satake equiva- 
lence of tensor categories 

Sats^° ^ Rep(G'). 

• By construction G is equipped with a maximal torus T, and a natural isomorphism 
X*(T) = X*(T) (in fact, G is equipped with a canonical pinning; see Lemma [973|l . 
The geometric Satake equivalence sends IC^ to the irreducible representation V^ of 
extremal weight /i. We denote the inverse of this equivalence hj V ^-^ ICy. 

Remark 2.8. In [T| §3.5], it was argued that S is closed under the tensor structure on 
Sat. Therefore S is naturally a tensor category. 

The pull-back along Gr^ ®kk ^ Gr^ gives a tensor functor S — )■ Sat^'^°, which is easily 
seen to be an equivalence because both categories are semisimple with explicit simple 
objects. Therefore, the above results in [30] and [T8] all apply to S. In particular, we have 
the (semisimplified fc-version of) the geometric Satake equivalence 

S ^ Sats'^" = Rep(G'). 

Remark 2.9 (Normalization of weights). We use the normalization making this complex 
pure of weight 0, i.e., we choose a square root of q in Q^ and denote by IC^ the intersection 
complex, tensored by Qg{^dim{GT^)). 

As was pointed out in [15] it is not necessary to make this rather unnatural choice, 
which is made to obtain the group G from the category S. Alternatively, we can enlarge 
the category S by including all Tate-twists of the intersection cohomology sheaves IC^(n). 
By the previous remark this is still a neutral tensor category, defining group Gi, which is 
an extension of G by a central, one dimensional torus. 

pi 
The stack Hecke^^/^'^x' is a locally trivial fibration over BunG(m,n) x P\|o ooj with fiber 



pi pi 

GiG and the G[[r]]-orbits Gr^ on Gr^ define substacks Hecke^^ ^''°'°°* C Hecke^/^'^A By 



abuse of notation we will also denote bu IC^ the intersection cohomology complex of 

pi 
Hecke;i^^°'°°\ shifted in degree such that IC^ restricts to the intersection complex on every 

fiber. 

One defines the geometric Hecke operators as a functor (see [T7]): 

Hk : Rep(G) x D^(BunG(„,„)) ^ D^(BunG(„,„) x P(|o,oo}) 

{V,K) ^ Hkv(ir):=pr2,pr*(i^®ICy). 

In order to compose these operators one extends Hky to an operator D^(Bunc(m„) x 
P\{o,oo}) -^ D\BnnGim,n) X P\|o,oo}) defined as K ^ pr2!((pri x pi^i^^^^^yK ® ICy). 
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Let ii^ be a G- local system on Pljoooj' viewed a tensor functor 

E:5^Rep(G)^Loc(P({o,oo})- 
sending V G Rep(G) to Ey G Loc(P^|g_^|). 

A Hecke eigensheaf with eigenvalue i? is a perverse sheaf K G Perv(Bung(m,n)) together 
with an isomorphisms Hky(ii") — > K^E^ , that are compatible with the symmetric tensor 
structure on Rep(G) and composition of Hecke correspondences (see [17] for a detailed 
exposition of the compatibility axiom). 

Remark 2.10. Since local systems are usually introduced differently, let us briefly recall 
how, the tensor functor E allows to reconstruct the monodromy representation of the local 
system. This will be useful to fix notations for the monodromy representation. Choose a 
geometric point fj over Specii'o G ]P\|ooo}- '^^^ restriction to r/ defines a tensor functor 

(2.11) ooE-.S^ Loc(P({o,oo}) ^ Vec, 

i.e. (see [12j Theorem 3.2]), a G torsor with an action of 7ri(Py|Q^|,r/). Choosing a point 
of the torsor this defines the monodromy representation 

(2.12) ^■■M^{o,oo}^v)^Gm- 

We denote by ip^"^" the restriction of ip to 7rf°°(P^|Q^|,r/) = 7ri(Pwoj^| ®fc k,!]), and call it 
the global geometric monodromy representation of E. 

The analog of this construction for twisted groups Q will produce ^-local systems. Here 
we define the L-group of ^ to be ^ = G x (a), where a is the automorphism of order A^ 
of G used in the definition of Q. This automorphism induces an automorphism of G via 
the geometric Satake isomorphism. In Lemma 19.31 we will check that this automorphism 
indeed preserves the pinning of G. 

Let us give a definition of ^-local systems, that is sufficient for our purposes. The reason 
why we cannot immediately apply the geometric Satake isomorphism is that the fibers of 
pr2 are not constant along P\|ooo|' ^° '^^^y some of the Hecke operators Bky will define 
global Hecke operators over P\|ooo|- However, we can pull-back the convolution diagram 

by the map [A^] : P({o,oo} ^ P\{o,oo}- We will denote this covering by P({o,oo} ^ P\{o,oo}- 

pi 
After pull-back we can as before define Hecke operators on Heche q)^^'^? . 

Hk: Rep(G') x D^(BunG(™,„)) =Sx D^(BunG(™,„)) ^ D\BunGim,n) x P\{o,oo}) 

Moreover the covering group fi^ acts on the convolution diagram over PwqooV This 
defines a /iTv-equivariant structure on the functor Hk: on the source fi^ acts on S via 
a : fiN -^ Aut^(G), which can be identified with the action of Aut^(G') on Rep((j) (Lemma 
19. 3p : on the target fijy acts on Pljoooj- 

Let E he a G-local system on P^g oo> together with compatible isomorphisms (*E = 
E x'^'^^''^ G for C G fj^N- We view ii^ as a tensor functor 

E : Rep(G) ^ Loc(P;^o^^^) 
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together with a /iAr-equivariant structure. We can define a Hecke eigensheaf K G Perv(Bung(m,n)) 
with eigenvalue E as before, but now we have to specify an isomorphism of functors 
e(V^) : Hky(-ft') — )■ K ^ E^ compatible with the tensor structure on Rep(G') which com- 
mutes with the /iTv-equivariant structures of the functor V i— )■ H.kv{K) and the functor 
E. 

Note that, if cr: /xat — )■ Aut(G) is trivial, the isomorphisms (*E = E x'^''^^'^) G define 
a descent datum for E. So in this case the definition coincides with the definition for 
constant groups. 

With these definitions we can state our first main result: 

Theorem 1. (1) The sheaves A = A^ and A^^^ are Hecke eigensheaves. We will 
denote the eigenvalue of A^ (resp. A^^^) hyKlLg^cp) (resp. KlLg(0, x)j. 

(2) If Q = P^ X G is a constant group scheme, the local system KIq^cJ)) is tamely 
ramified at 0. The monodromy action at on KlQ{(f)), is given by a principal 
unipotent element in G. 

(3) For any irreducible representation V G Rep(G') the sheaf KlLg{(j), x)^ is pure. 

Since we defined K1q(0) using geometric Hecke operators, for any point x G Plroo^^i the 

G-conjugacy class of Frob^, defined by the local system is given by the Satake parameter 
of Gross' automorphic form 7r(0) at x. 

2.4. The monodromy representation. In this section, we assume ^ = G x P^ where G 
is an almost simple split group over k. As in Remark 12. 10^ we will denote by ip the mon- 
odromy representation for K1q((/)) and by ip^'^" its geometric monodromy representation. 

Our next result is about the geometric monodromy of K\q{(J),x) at oo. Let Kl^^ (0, x) 
be the local system on PIfq ^y induced from the adjoint representation V = q. Fixing an 
embedding of the local Galois group Ga\{K^P/Koo) into '^i(P\sooo}^v)^ ^^ g^t an action of 
Gal(i^^P/i^oo) on the geometric stalk of Kl^ (0, x) at the formal punctured discs Spec/T^P. 
Choosing an identifications of this stalk with g, we get an action of Gal{K^^/Koo) on q 
(well-defined up to G-conjugacy). 

Let Joo C Gal{K^/Koo) be the inertia group. Let 3^ C Joo be the wild inertia group, 
and J^ = Joo/'^to be the tame inertia group. 

Theorem 2. Suppose p = char(/i;) is good for G if G is not simply-laced (i.e., p > 2 when 
G is of type Bn,Gn, and p > 3 when G is of type F4, G2). Then 

• Swanoo(K4'^(0,x)) = r{G), the rank ofG; 

• 0^°° = 0. 

The Swan equality will be proved in Corollary 15. Ij the vanishing of Joo-invariants will 
be proved in Prop. 15.3( 2). 

Corollary 2.13. (Gross-Reeder [201 Proposition 5.6]) Suppose p = cha.T{k) does not divide 
a^-W , then the local geometric Galois representation ip^ : ^ao ^^ G is a simple wild 
parameter defined in [201 §6]- More precisely, up to G- conjugation, we have a commutative 
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diagram of exact sequences 



gco,- 



gco 



T 



N{t) 



W 



where 



A topological generator of the tame inertia J^^ maps to a Coxeter element Cox G W 
(well-defined up to W-conjugacy, see Ch.V,§6]j; 

The wild inertia J^ maps onto a subgroup T{() C T[p]. Here C G F is a primitive 
h-th root of unity (h is the Coxeter number), andT{() C T[p] is the unique Fp[Cox]- 
submodule ofT[p] isomorphic to Fp[C] (on which Cox acts by multiplication by (). 
The nonzero breaks of the J ^-representation Kl^ (0, x) are equal to 1/h. 



Finally we can state our result on the global geometric monodromy of K.Iq[(J)). Let Ggeo 



C 



G be the Zariski closure of the image of the global geometric monodromy representation 



geo 



Theorem 3. Suppose char(A;) > 2, then the geometric monodromy group Ggco for K.Iq{ 
is connected, and 

• Ggeo = G^"t^(^)'°, zfG IS not of type A2n (n > 2) or B^; 

• Ggeo = G if G is of type A2n; 

• Ggeo = G2 if G is of type B3 and chai^k) > 3. 



The proof will be given in §6.21 

2.5. Variant. There is a variant of our construction using D-modules instead of £-adic 
sheaves. The base field is then taken tohe k = C The Artin-Schreier local system AS^ is 
replaced by the exponential D-module <C{x,dx)/{dx — 1) on Aj-, = SpecC[x], and all the 
rest of the construction carries through, and we get a tensor functor: 

Kl.^(0)dR : Rep(^^<c) ^ Conn(F(^o,^},c), 

where Conn(Fy|Q ^1 ^) is the tensor category of vector bundles with connections on F^q ^1 ^. 

We conjecture that our construction should give the same connection as the Frenkel- 
Gross construction. To state this precisely, let G be almost simple, and ^ be a quasi-split 
form of G over F^g ^| given by a : ^n — ^ Aut^(G). Recall from [15], §5] that the Frenkel- 
Gross connection on the trivial ^-bundle on F 



1 

\{0,oo},C- 



VLg(Xo, ■ ■ ■ ,Xr 



d 



Y^x. 



d_ 

dz 



where r^ is the rank of G" ^ and Xi is a basis of the 
Kac-Moody Lie algebra associate to g and a. 



-Oii 



-root space of the (twisted) affine 



Conjecture 2.14. There is a bisection between the set of generic linear functions : 
/(l)//(2) — !• (Ga,(c and the set of bases (Xq, ■ ■ ■ , Xr^), such that whenever (p corresponds to 
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(Xo, ■ ■ ■ ,Xr^) under this bijection, there is a natural isomorphism between ^-connections 

^^ ^\{0,oo},C- 

3. Example: Kloosterman sheaf for GL„ 

In this section, we calculate the Kloosterman sheaf K1gl„ (0, x) ioi the constant group 
G = GL„ over P^. Its Langlands dual is GL^_^ and we will denote the standard rep- 
resentation by Std. To describe this GL„-local system over Pw^ , is then the same as 

describing the rank n local system K1ql^(0, x)- We will see that this rank n local system 
coincides with the classical Kloosterman sheaf defined by Deligne in [10] . 

3.1. Another modular interpretation. We want to interpret GL„(1, 2)-bundles in terms 
of vector bundles. We first define a variant of BunGL„(i,2)- Let Bun„ 1^2 be the stack clas- 
sifying the data {£, F*£, {f *}, F^:£, {vi}) where 

(1) £ is a vector bundle of rank n on P^; 

(2) a decreasing filtration F*S giving a complete flag of the fiber of £ at 0: 

S = F°Sd F^Sd ■■■dF''S = ^(-{0}); 

(3) a nonzero vector f * G F'''~^£ / F^£ for each z = 1, ■ ■ ■ , n; 

(4) an increasing filtration F^,£ giving a complete flag of the fiber oi £ at cxd: 

£(-{00}) = Fq£ (lFi£ (1---C. Fn£ = £] 

(5) a vector Vi G Fi£ / Fi_2£ which does not lie in Fi_i£ /Fi_2£, for i = 1, ■ ■ ■ ,n (we 
understand F_i£ as (F„_i£^)(— {00})). 

Note that 'Qn\in,i,2 is the moduli stack of ^-torsors over P^, where Q is the Bruhat-Tits 
group scheme over P^ such that 

•^(Oo) = /Gu(irP; 

. g{0^) = Zgl„(1)(MH]) ■ ^SL„(2) D /gl„(2). 
The only difference between Q and GL„(1,2) is that they take different level structures 
for the center G^n = Zqi^^ at 00. Therefore we have a natural morphism GL„(1,2) — )■ Q, 
hence a natural morphism BunGL„(i,2) -^ Bun„ 1 2, which is a (Ga-torsor. 

Choosing a trivialization of the bundle £ over P^g ^-i, we can rewrite the moduli problem 
for Bun„ 1 2 in the following way. Let A be the free k[t, t~^]-module with basis {ei, • ■ ■ , e„}. 
Let Ci+jn = Pci ioT 1 < i < n and j G Z, then A is a k-vector space with basis {ejjjg^. 
For any fc-algebra R, an R[t]-lattice in i? ® A is an i?[t]-submodule A' C -R ® A such that 
there exists M G Z>o such that: 

Span^{ei|i > M} C A' C Span^jcili > -M} 

and that both A'/Span^{ej|z > M} and Span^{ej|i > — M}/A' are projective i?-modules. 
Similarly we can define the notion of i?[t~^]-lattices in R^ A. 

Let Bun„,i,2(-R) classify the data (A*, {v'}o<i<n-i,K, {vi}i<i<n)- 
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(1) i? O A D A° D A^ D ■ • • D A" = tA° is a chain of i?[t]-lattice such that A7A*+^ is a 
projective i?-module of rank 1. We let A*"'"-'" = t-'A* for any 1 < i < n and j G Z. 

(2) v' E A7A*+i is an i?-basis for i = 0, ■ ■ ■ , n - 1; 

(3) -R (g) A D A„ D A„_i D ■ ■ ■ D Ao = t~^An is a chain of -R[t^-'^] -lattices such that 
Aj/Aj+i is a projective i?-niodule of rank 1. We let Ai+jn = PAi for any 1 < i < n 
and j G Z. 

(4) f j G Aj/Aj_2 whose image in Aj/Aj_i is an i?-basis, for i = 1, • • • , n. 

The group GL„(A;[t, t^^]) (viewed as an ind-group scheme over k) acts on A, and hence it 
acts on the stack Bun„^i^2- Moreover, Bun„^i^2 is naturally isomorphic to the quotient stack 
B^n,i,2/GL„(fc[t,ri]). 

Associated with the chains of lattices (A*, A*) is the locally constant integer-valued 
function on Speci?: 



^ A ('"''o), 



deg(A*, A,) := XRiA"" © Aq ^-^^ i? ® A) 

Here t°, Lq are inclusion maps and the Euler characteristic on the RHS is defined as 
rk/jker(t°, lq) - rkRCokei r{l° , lq). 

For d G 'Z, let Bun^ j^ 2 C Bun„^i^2 be the substack classifying {A*, t>*, A*, t>j} with 
deg(A*,A,) = rf. 

The embedding of the big cell j'^ : T x G" M- Bun^ ^ 2 can be fixed as follows. For a = 
(ai, ■■■ ,an) e T{R) = (i?^)" and b = (61, ■■■ ,bn) e i?", the point f{a,b) G Bun° ^ 2(^) 
is given by the GL„(i?[t, t~^])-orbit of the following data: 

(1) A^ = Span^{ej|j >i} C R^A; 

(2) v' = ai+ie,+i G AVA^+1; 

(3) Ai = Span^{ej| j < i + d} C R® A; 

(4) Vi = Ci+d + biCi+d-i e Ai/Ai-2- 

In particular, we have a base point -kd = j'^d, 0) G Bun„ j^ 2- We denote the A;[t]-chain (resp. 
/c[t~^]-chain) of ^^ by A*{i<d) (resp. A^,{i<d))- Notice that the underlying vector bundle for 
any point j'^(a, 6) is the bundle 

Ed = 0{m + 1)®'- © C(m)®"-" 

where m ^"L and 0<r<r2 — lis uniquely determined by d = van -|- r. 

3.2. The Kloosterman sheaf associated with the standard representation of GL„. 

Let X : T(A;) — )■ Q^ be a character, which defines a Kummer local system Kum^ on T. 
The perverse sheaves 

4,^=jf(Kum^[n]K0*ASv,[n]) 

on Bun^ ^^ 2 form a Hecke eigensheaf on Bun^i 2 by Theorem [H 

Consider the Hecke correspondence Hecke^^j given by the coweight Wi = (1, 0, ■ ■ ■ , 0) {uj\ 
defines the representation Std). We restrict it to the components of Bun° and Bun^ and 
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the curve P\|o,oo}: 
(3.1) 



Hecke,, 



Bun° , 




pr-2 



Bun^a,2 X (Puo.ooi) 



We would like to evaluate the eigenvalue local system KIql^ (0, x) on P^q ooj characterized 
by: 

pT,,pTlAlJn - 1] ^ 4,^ m Kl|t (0, X). 

The intersection cohomology sheaf IC^j on Hk^-^ is simply Qi[n — 1] because pr^ : Hk^^ — >■ 
Bun„^i_2 is a P"~^-bundleu. We restrict the diagram (13 .ip to the fiber of *i x (Pi 



\{0,oo}. 



C 



Bun;'j]^2 X (^\{ooo}) under prg, and the fiber GR°^ over the big cell in Bun° ^^2 under pr^^, 
we get 



(3.2) 



gr: 



UJl 



GR,, 



TxG 






Bun° ,2 



pi 



The i?-points of the open subscheme GR° C GR,^^ classifies R[t, t~^]-homomorphisms 

M:i?(g)A-)-i?(g)A sending the chains (A*(7^o), A*(7to)) to {A* (i^i) , A^{m)) up to pre- 
composing with automorphisms of {R^ A,A*{-ko),A^:{-kQ)). With respect to the R[t,t~^]- 
basis {ei, ■ ■ ■ , e„} of i? ® A, any such M takes the form 



bi 02 

V 



M-l 



tbn \ 



a-n J 



up to right multiplication by diagonal matrices (here aj,6j G R^). Therefore, we can 
normalize the matrix of M to be 



(3.3) 



M 



( cti 

1 (32 



V 



^ \ 



1 an ) 



In other words, we get an identification \J = (G^ by sending M to (— cti, ■ ■ ■ , — a„). 

We now describe the projections pr^ and vr using this identification. Using the isomor- 
phism M we can pull back the vectors {f * = Cj+i}, {vi = Cj+i} in the data of *i to get the 



In this calculation, we will not normalized IC^ii to be of weight 0, as we did in Reniark l2.9l So strictly 
speaking, the sheaf KIq^^ (0, x) differs from the one defined in t j2.3l bv a Tate twist (^^^y^). 
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corresponding vectors for the point pr^(M) = (A, A*(7^ro), {f *}, A^,(7^ro), {vi}) E Bun° ^ 3- 

^* = cti+iCi+i i = 0,- ■ ■ ,n-l] 
Vi = Ci- aiCi^i z = I,.. ■ ,n. 

This means that pTi{M) for M as in (13.31) has coordinates: 

pri(M) = f{a];^, ■ ■ ■ , a-^, -ai, ■ ■ ■ , -a„). 

On the other hand, the point n{M) G Pwoq^^j is the value of t such that det(M) = 0, i.e., 

7r(M) = (-l)"ai---a„. 

In summary, the maps pr^^ and vr from GR°^ can be identified with the following maps 



G:^ 





where inv : G^ — )■ G^ is the coordinate-wise inverse and l : G^ M- G" is the natural 
inclusion. 
We thus get 

Proposition 3.4. The Kloosterman s/iea/KlQ*L^(0, x) associated with the Hecke eigensheaf 
A^^^ and the standard representation of the dual group GL„q = GL„ takes the form 

K&(0,X) = mult,((-inv)*Kum^ ® 4>* AS^)[n - 1] 
Here we denote the restriction of (p : G" — )■ Ga to G^ still by (p. 

Remark 3.5. When = add : G" — )■ Ga is the addition of the coordinates, and x is 
written as n-multiplicative characters (xi, ■ ■ ■ ,Xn), the Kloosterman sheaf KIql^ (0, x) is 
the same as the Kloosterman sheaf K\{ip; xi, ■ ■ ■ , Xn', 1, ■ ' ' A) defined by Katz in [25], §4.1], 
which is a generalization of Deligne's Kloosterman sheaves \W, §7]. 

4. Proof of Theorem [T] 
In this section we prove Theorem [H 

4.1. First Step: Hky(A) is perverse. We want to show that for every V G Rep(G) the 
complex Hky(A<^^^)[— 1] is a perverse sheaf. In order to simplify notations, we will only 
consider the sheaf A = A^. The proof for A^^^ is identical, one only needs to replace ^(0, 2) 
by ^(1,2) everywhere in the argument. 

Let us recall the convolution diagram from section 12.21 

Heckeg(o,2) ^ A^ 

pr2 




Bung(o,2) Bung(o,2) X A^ 
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Our proof is based on a few simple geometric observations. First we need to recall that 
the maps pr^ in the above diagram are locally trivial fibrations: 

Remark 4.1. The map pr^^ is a locally trivial fibration, i.e., there exists a smooth atlas 
U -^ Bung(o,2), such that 

U XBung(o,2) HeckeJ(o^2) = Ux GRg(o,2) • 
Furthermore, the map pr2 is also locally trivial on this atlas, i.e., 

(f/ X A^) XBung(o,2)XAi Hecke^(o,2) =UX GRg(o,2) . 

Proof. In order to find an atlas p: U —^ Bung(o,2) satisfying these conditions, we only need 
that the family of ^(0, 2)-bundles corresponding to p onU xP^ is trivial over U x A^. By 
Proposition II . 1 1 for any U this condition is satisfied locally in the etale topology on U. D 

For 7 G r2 we denoted by j^: /(l)//(2) M- Bung(o,2) the canonical embedding. Re- 
call that A^ = j^,! AS0[dim(Bung(o,2))]. Denote by j'^: pr^^(/(l)//(2)) ^ Hecke^^°'^^ the 
inverse image of this embedding into the Hecke stack. 

Remark 4.2. The restriction of pr2 to pr|f^(/(l)//(2)): 

pr2: pr^i(/(l)//(2)) ^ Bung(o,2) x A^ 
is affine. 

Proof. By Corollary 11.31 the open subset /(l)//(2) -—^ Bung(o,2) is defined by the non- 
vanishing of sections of line bundles £j, which can be defined as the pull-back of the 
corresponding sections for GL„ under a faithful representation Q — )■ GL„. \iQ = GL„ then 
for any x G A^ the pull-backs of these bundles generate of the Picard-group GrGL„(o,2),x, 
which is an ind-projective scheme (e.g., p^ Theorem 7 and 8]). Thus the preimage of 
/(l)//(2) in GRgl„(o,2) is affine over A^. 

For general Q the ind-scheme Grg(o,2),a; is usually constructed as a closed sub-scheme of 
GrGL„ for a suitable faithful representation ([32j). So again, the claim follows from the 
case Q = GL„. D 

Now we can prove the first step. Fix any V G Rep(G') and the corresponding perverse 
sheaf ICv' on Heckeg(o2)- We claim that Remark 14. II implies: 

j,'(prt AS^ ® ICv) = j:(prt AS^ ® ICy). 

To see this, recall that the formation of j\ and j^, commutes with smooth base-change. 
Thus, to prove the claimed isomorphism, we may choose a smooth atlas p: U ^ Bung(o,2) 
such that the pull-back of pr^ is isomorphic to the projection U x GRg — )■ U. But in this 
case the claim follows from the isomorphism j\ AS^ = j^, AS,^ (Lemma 12. 3p . 

In particular, we find that j,'(pr^A ® ICy)[l] is a perverse sheaf and 

Hky(A) = (pr2o/),(prt(A)®ICy) 

= (pr2 0j%(pr*(A)®ICv). 

By Remark 14. 2[ the map (pr2 o j') is affine. Therefore (prg o j')^ is right-exact for the 
perverse t-structure ([3J §4.1.1]). Thus Hky(A)[l] must be perverse. 
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4.2. Second step: A is an eigensheaf. We already noted (Remark 12. 7p that the action 
of /(l)//(2) on Bung(o,2) extends to an action on the convolution diagram. Thus Hkv(v4) 
is (J(l)//(2), 0)-equivariant. By Lemma 12^3] this implies that for any 7 G 7ro(Bung(o,2)) we 
have 



mv{A)\^^,..^ = A^mE. 



5(0,2) - 

P7 



7 



where -Ey[l] is a perverse sheaf on X. 

We claim that the sheaf Ey does not depend on 7. To show this, we may assume that 
ICy is supported only on one connected component GRg C GRg, because the functor Hky 
is isomorphic to the direct sum of the functors defined by the restriction of ICy to the 
connected components. 

Note that for any 7' G f2 the Hecke operator Hky commutes with Hky, because Hecke 
operators supported at different points of P^ commute. By definition A is an eigensheaf 
for the operators Bky. Thus 

A^^E^ = Hky(A-^) = Hky(Hk_^(A°)) 

= Hk_^(Hky(A°)) = Hk_^(A^ m E'' 



V) 



A^MEl. 



This implies that the sheaves Ey are canonically isomorphic to Ey, so that we may drop 
the index 7. 

The Hky are compatible with the tensor product of representations, so in particular we 
have 

mav^viA) = Hky o Hky (A) = AM{Ev^ Ey). 

This implies that Ey ® -Eyf— 1] is again a perverse sheaf. Therefore, Ey must be a 
perverse sheaf concentrated in cohomological degree 0. So for any V the complex Ey is 
a sheaf, such that Ey = Jn,*Ey^rj, where we denoted by jr,: r] ^^ P^ the inclusion of the 
generic point. 

Also, we obtain a tensor functor V h-> {Ey)r, with values in the category of local systems 
on rj. This is a rigid tensor category, so by [l2l Theorem 3.2] this defines a G-local system 
over 1]. We need to show that Ey^r] extends to a local system on P\rooo|- 

For the trivial Hecke operator Hki we have canonical isomorphisms Ei = (Q^ together 
with maps Ei — )■ Ey eg) Ey* — )■ Ei such that the composition is equal to multiplication 
by dim(y). We already know that Ey = j^^^Ey^j^. Thus for any geometric point x of 
Gm the fiber Ey^-^ is a subspace of the geometric generic fiber Ey^^^ and the canonical map 
idrj '■ Q^,7j — ^ {Ey ® Ey*)jj factors through Ey^-^ (g) Ey*^^. This implies that the sheaves Ey 
are locally constant, because id^^ corresponds to the identity of Ey^j^. 

Thus the Ey define a tensor functor from Rep((j') to the category Loc(P^|q^|) of local 
systems on P^q ^|. Since again this is a rigid tensor category this defines a G- local system 

°^ ^\{0,oo}- 

4.3. Third step: The monodromy at the tame point. As in the statement of Theo- 
rem[T](2) we now assume ^ = Gx P^ is a constant split group. To compute the monodromy 
of Kl(j(0) at {0} we rephrase an argument of Bezrukavnikov [5j. His argument relies on 
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results on central sheaves of Gaitsgory [16] and on Gabber's result that the monodromy 
filtration on nearby cycles coincides with the weight filtration [2]. 

In order to explain the argument we need to recall Gaitsgory's construction ([16]). He 
considered the diagram 

n^^\{o.^}Cj^X GRg 5GRg,o = FIg 

G 



pi 
and the induced nearby cycles functor \E' : Perv(GRg^^°'°°^) — )■ Perv7Q(FlG'). He showed 

that the monodromy action on the sheaves \E'(ICv') is unipotent. 

Since the map pr^^ : Heckeg(o,2) ~^ Bung(o,2) is locally isomorphic to the product with 
fibers isomorphic to GRg(o,2), we know that \E'(pr^(A) (g) ICy) = pr*(A) (g) \Ef(ICy). In 
particular, by Gaitsgory's result [r6^ Theorem 2] we find that the monodromy action on this 
sheaf is unipotent. Therefore ([19l Lemma 5.6]) the monodromy action on prg i(\l'(prj(y4) 
ICy)) is again unipotent. Since taking nearby-cycles commutes with proper push-forward, 
the monodromy action on 

(4.3) pr2 ,(pr*(A) ® ^(ICy)) = pr2,,(^(pr*(A) ® ICy)) = ^{A K Ey) = A K ^(Ey) 

is also unipotent. By definition, "^{Ey) is the stalk of Ey at the geometric point Speci^o'^'' 
over the punctured formal neighborhood of 0, carrying the Gal(i^o''^/-ft'o)-action as mon- 
odromy. Restricting (14. 3 p to the trivial ^(0, 2)-bundle, we therefore get 

(4.4) Klglspeci^sep = RT^ipilA ® Xl/(ICy)) 

with the inertia group Jo C Gal(i^Q'^'^//<'o) acting tamely and unipotently. 

We have to show that the monodromy action is given by a principal unipotent element. 

Recall that the ^(0, 2){k[[t]]) = J(0)°PP-orbits on the affine flag manifold FIg = GRg,o are 
parametrized by the Iwahori-Weyl group W ( [32l Prop. 8.1]). The intersection cohomology 
sheaves of the closures of these orbits will be denoted by IC^;. The convolution with these 
sheaves defines Hecke operators Hk^(y4) := pr2 i(pr^(A) ® IC^g). 

By a result of Gortz and Haines [191 Corollary 1.2], the sheaf \t'(ICy) has a filtration 
such that the associated graded sheaves are isomorphic to IC^(z) for some w G W,i G Z 
and the multiplicity of the ICi(i) is equal to dimif^*(GrG, ICy). 

Now, for any u; G IV of length l{w) > there exists a simple reflection s such that 
w = w's and l{w') < l{w). Write P, := /(0)°ppu/(0)°pps/(0)°pp for the parahoric subgroup 
generated by J(0)°pp and s, so that the projection pr^ : Fl —;■ G{{t))/ Ps is a P^-bundle. 
From this we see that the sheaf IC^ is of the form pr*(JC{;5'). Therefore the complex 
Hk^(A) is invariant under the larger parahoric subgroup Pg D J(0)°pp. Since Hk{5(A) is 
also (/(l)//(2), AS0)-equivariant, this implies that Hk{5(y4) = 0. 

Thus only the Hecke operators of length act non-trivially on A. Therefore, by the 
result of Gortz and Haines the dimensions of the weight filtration of \E'(K1|^) = Kl^- are 
given by the dimensions of if^*(GrG, ICy). Since the monodromy filtration agrees with the 
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weight filtration [2] the monodromy must act as a principal nilpotent element. This proves 
our claim. 

Remark 4.5. A key ingredient needed in the article of Gortz and Haines is the formula 
for the trace function of the sheaves \&(IC^). This trace is given by Bernstein's formula 
for the central elements of the Iwahori-Hecke algebra (see |19, §2.7]). One can also deduce 
our proposition directly from this formula. 

5. COHOMOLOGICAL PROPERTIES OF KLOOSTERMAN SHEAVES 

In this section, let G be a split almost simple group over k, viewed as a constant group 
scheme over P^. Recall that for each root a G $, f/^ is the root group in G. We fix an 
isomorphism Ua '■ Ga — > Ua for each root a. 

Notation. For a scheme X defined over k and a Q^-complex F of sheaves on X, Xc{X, F) 
and H*{X, F) mean the Euler characteristic and the cohomology of the pull back of F to 
X^kk- 

5.1. The Euler characteristics, Swan conductors and cohomological rigidity. 

There are two uniform choices of V G Rep(G) which have small dimensions. One is 
V = Ad = 0, the adjoint representation; the other is V^ = Vgv, the representation whose 
nonzero weights consist of short roots of Q. We call Vgv the quasi-minus cule representation 
of G (which coincides with the adjoint representation when G is simply-laced). Basic facts 
about Vgy are summarized in Appendix ^ ITOl We will denote the number of long (resp. 
short) simple roots of G by ri{G) (resp. rs{G)) and call it the long rank (resp. the short 
rank of G). See Lemma [10.11) for equivalent descriptions of these numbers. 

Let Kl|, (0, x) (resp. K1^'^(0, x)) be the local system associated to K\q{(J),x) and the 
quasi-minuscule representation (resp. the adjoint representation) of G. 

Theorem 4. 

(1) — Xc(P\|oooj' -^^S (*^'^)) ^QfJ-o-^s the number of long simple roots of G. 

(2) Suppose char(fc) is good for G when G is not simply-laced, then —Xc(P\so ooj) ^^c'^i't'^ 
equals the rank of G. 

By the Grothendieck-Ogg-Shafarevich formula, we get 

Corollary 5.1. 

(1) Swanoo(Klg'(0,x)) = r.(G). 

(2) Swanoo(Klg (05 x)) = ''"(^)j under the same assumption on char(A;) as in Theorem 

The following subsections will be devoted to the proof of Theorem HI We first draw some 
consequences. 

Lemma 5.2. Suppose the principal nilpotent element acts on V without trivial Jordan 
block, then i7O(pi^o_^j,Klg(0)) = 0. 

Proof. Suppose the contrary, then Klg(0) contains the constant sheaf as a sub-local-system. 
By construction, K1^(0) is pure. By P Th.5.3.8], over P\|ooo} ®fc ^' ^^o(^) ^^ ^ direct 
sum of simple perverse sheaves. Hence the constant sub-sheaf must be a direct summand. 



The same statements hold for Kl^ (0) in place o/Klg, (0), with no restriction on char(A;). 

Proof. The statements being geometric, we will ignore Tate twists in this proof. Since 
the adjoint representation g is self-dual, the local system Kl^ (0) is also self-dual. Fixing 
such an isomorphism K1^'^(0) ^ (K1^*^(0))'^, we get isomorphisms if°(P\ J!*K1^'^(0)) 
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On the other hand, by assumption, V does not contain any direct summand under which 
the tame monodromy at {0} G P^ (i.e., a principal unipotent element, by Theorem [T]) acts 
trivially. This yields a contradiction. D 

Let if) : {0} ^^ P^;ioo '■ {oo} M- P^ and j : P\|ooo| "^ ^^ t)e the inclusions. For any 
local system L on P\|ooo}' ^^ abuse the notation ji^L to mean J!*(L[1])[— 1]. 

As in the discussion before Theorem [21 the local Galois groups Gal{K^^ / K^o) and 
Gal(-K'Q'^''/i^o)) hence the inertia groups Jq and Jqo, act on the corresponding geometric 
stalks of Kl|((0), defining representations on V up to conjugacy. 

Proposition 5.3. Under the same assumption on char (A;) as in Theorem^2) , we have 

(1) (Cohomological rigidity) if*(Pi, J!,k4'^(0)) = 0. 

(2) Q^°° = (Note that g is the space ofV = Adj. 

Q (0) in place of Kl^,'^ 

Proof. The statements being geometric, we will ignore Tate twists in this proof. Since 

Ad 

G 

•pi 

H\F\j,^K\i'icl>)r and i^°(P({o,oo}> k4^(0))_= H'AP{{o,oo}^^%'m^ ■ 
We have a distinguished triangle in D'^iP^, Q^) 

jiK\i^<P) -^ juK\^\<P) ^ H\j^Kli''icP) © if°Cj*K4^(0) ^ 

which induces a long exact sequence 

(5.4) = i7°(P(^o,oo},K4'(0)) ^ H%F\j^,Mi''m ^ 0^" © 0^- 4 

(5.5) ^ Hl{F{^,^^^,Klfm ^ H',{F\juKlf{<P)) ^0^ 

(5.6) ^ H'^{P\ioM^Klf{<p)) ^ H!{P\j,.Kl^\<p)) ^0 
By (15. 6p we first conclude 

H'{P\juK\f{<j>)) = i/,^(P(|o,oo},K4'^(0)) = ^°(P({o,oo},k4'^(0))" = 

where the vanishing of the last term follows by applying Lemma [5.21 to V^ = 0. By duality, 
H^(P^,J\^KIq (0)) = 0. By (15. 4p and the vanishing of if^'s, the connecting homomorphism 
d is injective. 

On the one hand, by Theorem [T]^2), dimg'''' = r{G) because Jq acts on g through a prin- 
cipal unipotent element. On the other hand, by Theorem [U dimiJ^(PyrQ^|, Kl^^ (0)) = 

-Xc{P{^o,oo}^K\f{(j))) = r{G) (here we again used the vanishing of Hi{F{^,^^^,K\^''{(f))) 
for i = 0,2). Therefore d must be an isomorphism. This implies 0'°° = 0. By (15.51) . we 
conclude that H\P\j,,K\f{(j))) = 0. 

The statement for Kl^ (0) is proved in the same way. We may apply Lemma [5.21 to Vgv, 
because of equation (I10!2I) from the proof of Lemma 110. 1[ D 

Remark 5.7. Following Katz [271 §5.0], we call a G-local system L on Pwoooj ^k k 
cohomologically rigid if i7^(P^, ji^L"^'^) = 0. We think of H^(P^,j\^L^'^) as the space of 



28 



JOCHEN HEINLOTH, BAO-CHAU NGO, AND ZHIWEI YUN 



infinitesimal deformations of the G-local system L with fixed isomorphism type on the 
formal punctured discs around and oo, although the notion of such deformations has not 
been defined. Proposition 15.31 implies that Kl(5(0) is cohomologically rigid, which provides 
evidence for its physical rigidity. For more precise conjectures, see ^ 

5.2. General method of calculation. In the following calculation, we will only consider 
the neutral component of BunG'(i 2). Hence we may assume G is simply-connected. 

We denote by T*r e Bunc(i 2) the point corresponding to the trivial bundle. In order to 
compute the sheaf K1^(0, x) we restrict the convolution diagram (12. 6p to * x Pf 



BunG(i,2) X P({o,oo}: 



\{0,oo} 



C 



GR 





Bun 



■G(l,2) 



'*' ^ ^\{0,oo}- 



By proper base change we have K1^(0, x) = Pi'2 \{p^iA®lCv)- Furthermore, A is supported 
only on the big cell j: T x /(l)//(2) C Bun(G(i2)). Let us denote by Gr° C Or the inverse 
image of the big cell and write /(l)//(2) = U/[U, U] x U^g. We write = (0+, ^o) according 
to this decomposition. 
We obtain a diagram 



GR' 





TxU_e^ U/[U,UY 



Bun, 



G{1,2) 



Pl 



.ICv 



By proper base change, 

(5.8) Klg(0, x) = piUmnrnJ* AS^„ ®/; AS, 

So we need to describe the subspace GR° and compute the maps fx, /o, /+• 

First, let us denote by GR*"^ C GR the preimage of the trivial G-bundle under the 
forgetful map GR — )■ Bun^. Let us fix a point x G Pwg 00} ^^^ chose t^; := 1 — | as a local 
parameter at x. So t^: = 1 corresponds to t = and tx = 00 corresponds to t = 00. 

The ind-scheme Gr*!^'^ classifies isomorphism classes of pairs {£, (p) such that £ is a trivial 
G-bundle on P^ and (p: £\-pi\i^x} — >G x (P^\{x}) is an isomorphism. We can rigidify this 
moduli problem so that Gr*),"^ classifies an automorphism of the trivial G-bundle on P^\{x} 
which is identity at cxd. Hence we can identify 

ev(ta:=Oo) 



(5.9) 



Gr 



triv 



G[t 



-ii 



ker(G[t;^] 



^G) 



where G[t^. ^] is the ind-scheme whose i?-points are G{R\t^^]). 

Remark 5.10. There is a dilation action of (G™* on P^g 00}' which extends to GR: A G (G™* 
sends (x, £, ip) H- (Ax, \~^'*£, X~'^'*(fi), and stabilizes GR*"^. Note that the local coordinate 
tx is invariant under the simultaneous dilation on t and x. 
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Let Gr*"^'^ C Gr = G((r))/G'[[r]] be an abstract copy of the affine Grassmannian, not 
referring to any point on P\|ooo>- "^^^ dilation action together with (15 .Qp gives a trivial- 
ization of the family GR*"^ over Pwoooj- 



(5.11) 



GR*"" 



(P\ 



i-> 



\{o,oo}) ^ c^b' 



-ii ~ 
1 = 



(P\{o,oo}) X Gr 



triv 



By definition the big cell in BunG'(i^2) is obtained from the action of T x /(1)/J(0) on the 
trivial bundle. Let evo: G[t|^"'^] — )■ G[[t]] and evoo: G[t~^] -^ G[[t~^]] denote the expansions 
around and oo and evg, eVoo : G'[t^^] — ^ G the evaluation at t = and t = oo. 

The G{1, 2)-level structure on the G-bundle {S, (f) G Gr^ is obtained from the trivializa- 
tion {p. For g G G[t~^], the composition £^|pi\{a;} — > G x P-'^\{x} — > G x P-^\{a;} extends 
to an isomorphism S ^ G x P^. Thus g defines the level structure on the trivial bundle 
defined by evo(5'),evoo(5'). We have a commutative diagram: 



G[t-'] 



evo,evoo 



G\(G[[t]] X G[[t-% 



BunG'{i,2) 

Here G = Aut(G x P^) acts diagonally on G[[t]] x G[[t"^]]. 

Thus we find that g G G[t;^] lies in Gr° if and only if (evo(^), eVoo(^)) G G\G(B°pp x U). 
Using the identifications (15. 9p and ( 15. lip , we get 

Gr: A {git-')eG[t-WeYoig)eUB^^^y, 
(5.12) GR° ^ (P{^o,oo})xMr-i)GG[r-i]i|(7(l)Gf/i?°PP} 

C GR*^'" = (P;^o,oo}) X G[t-\. 

Lemma 5.13. For {x,g{T^^)) G GR° under the parametrization in (I5.12p . write g{l) = 
m6°pp forueU and 6°pp G -B°pp, then we have 

fT{x,g) = 6°PP modf/°PPGT; 
U{x,g) = U-' mod [U,U]e U/[U,U]; 
fo{x,g) = xa-e{g) G U-e = g^e, 

where a^o : G[t^^] — )• q_0 sends g to the Q^g-part of the tangent vector ' 



d{r~') 



eg. 



Proof. The formulas for /y, /+ follow from our description in ( I5.12p . By definition /o(x, g) 
is obtained by expanding g(t~^) at t = oo using the local parameter t~^ and taking the 
g_e-part of the coefficient of t~^. Note that 



dg{t-^) 



d{t- 



X- 



dgit^ 



-i\ 



t-i=o 



d{t- 



eg. 



Moreover, under the identification ( 15. lip , the parameter tx corresponds to r, therefore 
fo{x,g) = xa_0{g). This proves the lemma. D 
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Let ASi/^-^^ be the pull-back of AS^ via U — )■ U/[U, U] — ^ Ga- Let KumBopp,^ be the 
pull-back of the Kuminer local system Kum,^ via B°^^ — )■ T. Let Jub°pp '■ UB""^^ M- G be 
the inclusion, and denote 



■■5 



Remark 5.14. According to [4j, or the argument of Lemma [2.31 (in this paper), we have 
the cleanness property of J: 

JuB°pp,\{-A%-,p+ KKumsopp ,^) ^juB°pp,*{-^^u-<t>+ KKumfiopp^^) 

We can view J = J-^^,x ^ -^c(^5 Q^) ^^ ^ finite-field analog of the automorphic sheaf A^^^ 
in Definition 12.21 and Remark I 



With this notation, and using the identification (15. lip , the formula (15. 8p becomes 

(5.15) Kl^(0,x) ^7rr^(IC*r®/o AS^„ ^ev^J). 

where vr*"^ : GR*"^ = ]P\{ooo} ^ ^[^ "^]i ~^ ^UOooj ^^ ^^^ projection. In the sequel, we 
often write ev^=i simply as ev. 

The ultimate goal of this section is to calculate the Euler characteristics of K1^(0, x) for 
V = Vgv and q. Here we make a few reduction steps for general V. By (15.15^ . we need to 
calculate 

(5.16) Xc(P({o,oo},Klg(0,x)) = Xc(P({o,oo} X Gr*"\ICl?-®/o* AS^„ ®ev*J). 

According to whether a^g vanishes or not, we decompose Gr*"^'^ = G[r~^]i into Gr*'^'^''*''^^ 
and Gr*""'"=°. Over P({o,oo} x Gr*""'""", the complex in (lETBD is constant along P({o,oo}' 
hence the Euler characteristic is 0. On the other hand, we have a change of variable 
isomorphism 

Under this isomorphism, /o = xa^e becomes the projection to the (Gm-factor, and we can 
apply the Kiinneth formula. Summarizing these steps, we get 

(5.17) Xc(PUoo},Klg(0,x)) 

= Xc(P({o,oo} X Gr*=^^^'"^°, IC*r ®f* k%, ®evV) 

= Xc(G^, AS^Jxc(Gr*"^-'^^°, 10*^ ®evV) 

= -Xc(Gr*""''^^°,ICl::'"®evV) 

= -Xc(Gr*"^ \k, IC*;'^ ®ev* J) + Xc(Gr*"^'"=° \k, \C'^^ ®evV). 

The last equality is because the base point ^ir G Gr belongs to Gr*"^'"^". 

Lemma 5.18. Xc(Gr*"" V, IC*^'" ®ev*J) = 0. 

Proof. Since ICy is constant along the strata Gr^, it suffices to show that Xc(Gr^"^, ev* J) = 
for dominant coweights A 7^ 0. 

Denote by * the convolution product on Dl{G, (Q^): for Ki,K2 G Dl{G, Q^), 

Ki*K2 := m^XKiM K2) 
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where m : G x G — > G is the multiphcation map. Let K\ := eviQ^Q^triv G D'^{G). Then 

G G 

RV c{Gt^™ , e\* J) is the stalk at e G G of the convolution AS(/^0_^ * Kx * Kumgopp ,^-1. 
Since ev = ev^-^i is G-equivariant (under conjugation), K^ carries a natural G-equivariant 
structure. Hence 

G G 

Kx * Kum^opp^^-i = Kum^opp .^-1 * Kx- 

Q 

In particular, over each Bruhat stratum B°''^^wB°^^, Kx * Kum^opp .^-1 has the form S^ ® 
L^, where L^ is a local system on U'^p^wB°^p, and S^^ (a complex of Q^- vector spaces) is 

the stalk of Kx * Kum^opp ,^-1 at w G Ng{T) (a representative of w G W). 

c c c 

Therefore AS;/^^^ * Kx * Kum^opp ,^-1 is a successive extension of S^ ® {ASu,^+ * L^) 

for various w G W. To prove the vanishing of the Euler characteristic of the stalks of 

G G 

-^^u,(t>+ * Kx * Kum^opp^^-i, it suffices to show that xi^w) = for all w. 



By definition. 



Q 

S^ = {Kx * Kum^opp,^-!)^ 



= i?r,(w5°PP, Kx ® KumBopp,^) 
(5.19) = i?r,(Gr';'"nev-i(w5°PP),ev*KumBopp,^). 

The T-action on Gr*"^ = G[r^^]i by conjugation preserves Gr^"^ nev^^(wi?°PP). The 
only T-fixed points on Gr are r^ for /x G X=k(T), which do not belong to any Gr^^"'' 
(A 7^ 0). Moreover, the local system ev*KumBopp^ is monodromic under T-conjugation: 
there exists m > 1 (prime to p) such that ev*KumBopp,5^ is equi variant under the m-th 
power of the T-conjugation. Since the m-th power of T-conjugation still has no fixed 
point on Gr^'^'^nev~^(wi?°PP), the Euler characteristic in (I5.19P is zero. This proves the 
lemma. D 

Corollary 5.20. Let X*(T)+ C X*(T) be the dominant coweights, and V{X) G V be the 
weight space for A G X*(T). Then 

Xc(P;{o,oo},KlX(0,x)) = E dimV^(A)xc(Grf^''^=°,evV). 

AeX,(T) + ,A^O 

Proof. By [291 Theorem 6.1], the Euler characteristic of the stalks of ICy along GrA is 
diml^(A). Therefore 

^^^Q,tri.,a=0 ^^^ j^triv ^^^. j^ ^ ^ ^^ \/(A)Xe(Grf ^'''=°, evV). 

AeX.(T)+,A^O 

Combining this with (I5.17P and Lemma 15.181 yields the desired identity. D 

5.3. Quasi-minuscule Schubert variety. For a coweight A G X*(T), let P^ C G be the 
parabolic generated by T and the root spaces Ua for (a. A) > 0. 

For each root a and i G Z, let Ua,>i C Uaiir)) be the subgroup whose -R-points are 

Ua{T'R[[T]]). Let [/a,i = Ua,>i/Ua,>i+1. 
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Now let A G X*(T)+ and consider the (open) Schubert variety Gr^ C Gr. By [3T|, Lemme 
2.3 and discussions preceding it], we have (fixing a total ordering of $^) 

(5.21) G "><' [ II U^,>i/Ua,>(a,x) ) ^ GrA 

i9,u) H> guT^. 

The action of P-x on the product in (I5.2ip is given by the adjoint action of P_a on Yla f^a,>i 
followed by the projection onto factors Ua,>i for {a, A) > 2. 

Now consider the special case A = ^^, the dominant short coroot. We need to recall 
the description of the quasi- minuscule Schubert variety Gr^v from [31]. We write P_0 for 
P-e-. 

Lemma 5.22. The open locus Gr^"^ C Gr^v consists of a single G-orbit. More precisely, 
the morphism 

G ^x' U\_, -^ G[t-% = Gr*"" 

{g,u_e{cT'^)) ^ Ad{g)u_e{cT'^) 
gives an isomorphism onto Gr^"" (here P^g acts on U^q _i through adjoint action and 

Proof. This is essentially |311 Lemme 7.2]. Applying (I5.2ip to A = 0^, we find the product 
in (15.211) consists of only one term Ug^i (since (a, ^^) < 1 for any root a ^ 6). Therefore 

Gr*r = G x' U})j ■ T^^ for some proper open subset Uj^f C Ue,i stable under P_e (Gr*^ 
cannot be equal to Gr^v because r^ ^ Gr*""). Since P_g acts on Ug^i via dilation, Uq^" 
must be Ug^. Hence 

Gr'J^ ^ G ^x U^^^ ■ T^\ 
On the other hand, the following calculation in the SL2-subgroup defined by 6: 

1 cr\ fr \ _ f^ '^ \ — f ^ \ f T c^ 

1 r-i " r-i - C-V-* 1 



(5-23) 1 T ) 1 _-i ) - I _-i ) - I ^-1^-1 1 M .-1 



shows that Ug{cT)T^ E Gr equals U-g{c *r *) G U^g _^ C G[t *]i for c invertible. This 
proves the lemma. D 

The Bruhat decomposition for G = Uwew/WgUwP^g gives a decomposition 

P~e „ , , P-e 



G X U^g_^ = \_\ UwP^e X U_ 

wew/Wg 



X 

-e.-i- 



P-e 

The stratum UwP^g x U^g _-^ has image Ad{U)U^^g __^ in G[r ]i. Since w h- )■ —w9 sets 
up a bijection between W/Wg and the set of long roots of G, we can rewrite the above 
decomposition as 

Gr*r= U Ad(f/)f/^Vi 

/3 long root 
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For each w G W/Wg, we have an isomorphism (fixing total ordering on $+) 

H f/„ = UwP^e/P-e. 

Therefore, for /3 = —w6, the stratum Ad{U)U^ _-^ can be written as 
(5.24) M{U)U^_, = H U^xU^_^ 

ae<J'+,(«,/3V)<0 
Ad{Y[ua)Ui3icT-^) ^ (JjM„,M^(cr-^)) 

Lemma 5.25. The function a-e '■ Gr^"^ — t- q^q in Lemma \5.13\ restricted on each stratum 
Ad{U)U^_^ C Gr^/j" is given by 

a_e{.^d[u)up[cT )) = < . 

I U otherwise. 

Here X-e G 0-e corresponds to u^e{l) G t/-6»- -^''t- particular, 

(5.26) Gr*7''^=°= y Ad(f/)f/^^_i 

/3 long,/3^-6» 

Proof. By definition, the value of a_e on Ad(u)M/3 (cr^^) is 

-—--M{u)up{cT-^)l-.=Q G Ad(f/)g^. 
rf(r-i) 

If /3 7^ —0, Ad(M)0/3 only involves roots > /3. If /3 = —0, then the above derivative equals 
Ad('u)cx_6) G g, whose g_0-part is cx_0 G g_0. D 

5.4. Proof of Theorem [4](1). Applying Corollary 15.201 to V = V^v, which only has one 
nonzero dominant weight 0^, we get 

Xc(PUoo},Klg^(0,x)) = Xc(Gr^r"^=°,evV). 

By the decomposition (I5.26P in Lemma [5. 251 we only need to calculate Xc(Ad(?7)f/^_]^, ev* J) 
for long roots /3 7^ —6. Theorem |1](1) thus follows from 

Claim. Suppose f3 7^ ~6 is a long root, then 

(\A(TT\TT>^ * T\ )~^ /3 is a simple long root 

Xc(Ad(f/)[/^^,ev J) = <^ . 

10 otherwise 

To prove the claim, we distinguish three cases: 
Case I: /3 is positive but not simple. 

Since /3 > 0, we have ev(Ad(f/)t/^_J C U. Since (3 is not simple, the image of 
ev(Ad([/)[/^_^) in U/[U,U] is trivial, hence ev*J is the constant sheaf on Ad{U)U^_-^^. 
By ^M), Ad{U)U^_^ has a factor Ul_^ = Gm, hence 

XciAdiU)U^^_„eY*J) = Xc(Ad(f/)[/^Vi) = 0. 

Case II: /5 = «« is a simple long root. 
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For u E U, ev {Ad{u)ui3{cT~^)) has image Ma^(c) G U/[U, U]. In terms of the coordinates 
in f l5.24p . ev* J is the pull-back of AS^^ from the U^_^ = f/^^-factor. Hence 

Xc(Ad(f/)f/;_i,evV) = Xc(^.",, AS^J = -1. 

Case III: /3 is negative and /3 7^ —6. 

Since (3 7^ — ^, there exists a simple root «« such that /3 — Oj is still a root. Then 
a = —(3 + ctj is a positive root. Moreover, since {ai,(3'^) < 1 (because a^ 7^ (3), we have 
{a, (3'^) = {—(3 + ai,(3'^) = — 2 + (aj,/3^) < 0. Hence [/q appears in the decomposition 

Using fl5.24p . we write an element in Ad{U)U^_^ as Ad(M)M/3(c/3r~^), where u = u°'Ua{ca) 

and u" G A := na'>o,(a',/3V)<o,aV« ^"'- ^°*^ *^^* 

(5.27) ev(Ad(M)u/3(c/3r"^)) = uup{c^)u'^ = u°[ua{cfi),u^{cfi)]ufi{cfj)u"'~''^. 

Since a 7^ ±/3, we can apply Chevalley's commutator relation [9, p. 36, (4)] to conclude 
that [Ua{ci3),ui3{cj3)] is a product of elements in the root groups Uia+j/s for i,j G Z>o. Our 
assumptions that (i) a + f3 is simple and (ii) /3 is a long root imply that any such ia + jP 
is positive (if it is a root), and the only simple root of this form is a + (3. Therefore, 
[ua{ca),Ui3{ci3)] G U, and its image in U/[U, U] is UaX^CaCis), where e = ±1. 

By fl5:271) . Ad(M)M/3(c/3) G t/5°PP if and only if m^(c^)m"'-^ G UB°pp. Moreover, when 
Ad{u)ui3{cfs) G UB°^P, its image in f//[f/, [/] is Ma,(eCaC^) times another element which 
only depends on C/3 and m". 

Under the decomposition IK2^ . Ad{U)U^_-^ = f/^, x A. Let pr^ : Ad{U)U^_^ -)■ A be 
the projection. By the above discussion, ev* J restricted to the fibers of pr^ are isomorphic 
to Artin-Schreier sheaves on Ua- Therefore pr^ jcv* J = 0, hence 

H:iAdiU)U^^_„ev*J) = i/:(A,pr^,evV) = 0. 

This proves the Claim, and completes the proof of Theorem H] (1). 

5.5. The adjoint Schubert variety. In this subsection, let G be non-simply-laced. We 
always assume that char(A;) is a good prime for G. So char(fc) > 2 when G is of type 
Bn, Gn, and chai^k) > 3 when G is of type F4, G2. 

Let 7 be the short dominant root of G, and 7^ be the corresponding long coroot. We 
define P_^, W-y, etc. in the same way as P-e, We, etc. According to the possible values of 
(a, 7^) for roots a G $, we have two cases: 

• Type (5„,a,F4): |(a,7^)| = 0, 1, 2; 

• Type(G2): |(a,7^)l = 0, 1, 2, 3. 
Let <|.7^:={aG<l'|(a,7^) = n}. 

Lemma 5.28. Suppose G is of type Bn, Gn or F4, then Gr* "^ consists of a single G-orbit. 
More precisely, let 

(a,7V)=2 

We identify V-^ with its Lie algebra. The adjoint action of P_^ on V^j (which factors 
through its Levi factor L^) stabilizes a unique quadric Q_^ defined by a nondegenerate 
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quadratic form g_^ on V^^, so that the action of L^ factors through GO(y_^,g_^) □, with 
a dense orbits V^^ — Q-^. 
The natural morphism 

(5.29) G X (y_^ - Q_^) 3 {g, v) ^ Ad{g)v G G[t-\ 

gives an isomorphism G x {V^^ — Q-^) = Gr^J^. 

Proof. In the case G is of type B, G or F4, the product in (15.211) becomes A = fl , y'^)=2 ^a,i 
(a commutative unipotent group), which can be identified with its Lie algebra. Since Grl^T 

P-j 
is stable under G-conjugation, it takes the form G x A*"^ for some P_^-stable open subset 

^triv (^ ^ rjj^g action of P_^ on A factors through the Levi quotient L-y. 
The vector space A carries a bilinear form 

(5.30) (x, y)A := (x, Ad{wy)y)g 

r 



where w^ is the image of I ^ „ j under the homomorphism SL2 — t- G corresponding to 

the root 7, and (■, ■)g is an Ad(G')-invariant nondegenerate symmetric bilinear pairing on 
g (which exists when char(A;) is good, see [51 §1.16]). It is easy to check that (■, ■)a is a 
nondegenerate symmetric bilinear pairing, and the L^-action on A preserves this pairing 
up to scalar. Let qa be the quadratic form associated to (■, ■)a. 

By a quick case-by-case analysis, one checks that the action map L^ — )■ GO(A,gA) is 
surjective. Therefore, A contains a unique L^-stable irreducible divisor Q\ = {q\ = 0} 
whose complement is a single L^-orbit. 

On the other hand, the complement Gr<^v — Gr<'^v is an ample divisor representing the 
class of the determinant line bundle, hence has codimension 1. Since Gr<-yV — Gr^v has 
codimension at least 2, Gr^v — Gr* "^ also has codimension 1 in Gr^v. Hence A — A*"^ 
also has codimension 1 in A, therefore must be the irreducible divisor Q\. This implies 
^triv = y\ — Qa, which is a single P_^-orbit, therefore Gr* "^ is a single G-orbit. 

By the same SL2-calculation as in (15.231) . we have 

Therefore, A^'"t^^ = Ad(P_^)M^(r)rT'' = Ad{P_^)u_^{T-^) C Gr*"^. By a similar argu- 
ment as above, Ad(P_^)M_^(r~"'^) is the open subset of V^-y = Y[/a 'y--^)=2 U~a,~i defined by 
the complement of a quadric Q-^. Therefore 



Gr*T = G ''x (A - Qa)t^" = G ^x (K_^ - g_^) c G[t-^] 



Lemma 5.31. The morphism (15.291) extends to a resolution: 

v.G X V^y^ Gr*^j;v 
which is an isomorphism over Gr*"^ by Lemma \5.28\ . 



D 



GO(V^--,., q--y) consists of invertible linear automorphisms of V-^ preserving g_^ up to a scalar. 
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(1) The fiber v-^{i<) ^ G/P,^; 

(2) The fibers over Grp^ are isomorphic to Lq/Lq fl P_^. 

Proof. Since G x (\/_^ — Q-^) is dense in G x \^_^, and Gr<"v is the closure of Gr!^"^ 
in Gr*"^'^, the morphisni f l5.29p extends to z/. By Lemma [5.281 there are three Ad(P_-y) (or 
Ad(L^))-orbits on V-^: V-^ — Q-^, (^-7 •= Q-i ^ {0} and {0}, which give three G-orbits 

ofG X V^^. 

The orbit G x {0} maps to Gr}^"^ = t^t, which proves (1). 

The orbit G x Q!^^ must then map to Gr^"^. The G-stabihzer of u_6i(t~^) in G x Q^^ 

P-g 

and in Gr^v^ = G x U^g _-^ are P_^nPlg and P^g respectively, where Pl^ = ker(0 : P^g — )■ 
Gm)- The fiber u^^ {u_g{T^^)) thus equals P^g/P^g fl P_^. It is easy to check that the 
inclusions Lg M- P_g and Pig ^-j- P^g induce isomorphisms 

Lg/Lg n P_^ ^ P-9/P-e n P_^ ^ P-g/ P-g n P-^. 

Since Gr^"^ is a single G-orbit by Lemma 15.221 all the fibers of u over Gr^"^ are isomorphic 

to U-\U-g{T-^)) ^ Lg/Lg H P_^. 

D 

The Bruhat decomposition G = Uw/w^UwP-^ gives a decomposition 

G x^ V-^ = [_j UwP-^ X V-^ 

W/Wj 

The map w t-)- —w-]' sets up a bijection between W/W^ and the set of short roots of G. 
For P = —wf, let V^ = Ad(w)\^_^. Then the above decomposition can be rewritten as 

(5.32) G xV_^= \_\ Ad{U)Vf^. 

P short root 

As in the quasi-minuscule case, we can further write each stratum as 

(5.33) M{U)Vp ^ n ^"^ n ^z^',-! 

ae*+,(a,/3^><0 (/3',/3V)=2 

Ad(]^Ua)]^M/3'(C/3'r"^) O (]\ua,Up>{cpiT''^)). 

Remark 5.34. (1) For each short root /3, the set $§ (those roots which appear in the 
factors of Va) is totally ordered according to their heights. To see this, we only need to 
show that for different /3',/3" G <l>^, (p^,/3' - (5") ^ 0. In the proof of Lemma [EM we 
remarked that L^ — )■ GO (A, ^a) is surjective, which means that for any two different roots 
a', a" G $2 (i-6-; they appear in the factors of A), the difference a' — a" is a nonzero 
multiple of a root of L^. Since $2 — w$2 if /3 = "W^T, the difference (3' — (3" is also a nonzero 
multiple of a root of Lp, therefore (p^, /3' — (3") 7^ 0. 

The set $2 carries an involution /3' i— )■ 2/3-/3', with /3 the only fixed point. This 
involution is order-reversing. 
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(2) Again since L^ -^ GO(A, ^a) in the proof of Lemma [5.28[ all roots 7' G '^2\{7} ^^^ 
permuted by W^. Similar statement hold if 7 is replaced by any short root (5. In particular, 
all roots in $2 ^^^ long roots except (3 itself. 

Lemma 5.35. For a short root (3, ri'^/3'(c,9'T^^) G Vg (the product over ^2)' ^'^^ u E U, 
we have 

f\Af ^^TT f -i\\\ Jc-ex_0 if - 6* G $^ 
a_e{Ad{u){\\u,3'{cp'r ))) = <„ ,, . 

-^-^ 10 otherwise. 

The proof is similar to that of Lemma 15.251 

5.6. Proof of Theorem [4](2). Here we assume G is of type B,C or F4. For G of type 
A,D,E, the statement (2) is identical to (1) in Theorem HI the proof for G = G2 will be 
given in ^ ITTl 

Applying Corollary 15.201 to V = q, which has two nonzero dominant weights ^^ and 7^, 
each with multiplicity one, we conclude 

Xc(P({o,oo},K4'(0,x)) = Xc(Gr*r"^=°,evV) + Xc(Gr;T''^=°,evV). 

We already know from (1) that Xc{Gtq"'°'~ ,ev*J) = r£(G), we only need to show that 
Xc(Gr;7''^=°,evV)=r,(G). 
For any subset 5 C $, let 

y' = {llui3"{c^"r-') G V^/3|c/3" = for /3" i S]. 

Using this definition and the standard partial ordering on $ (which restricts to the total 
ordering on $2, by Remark [5.34( 1)). the meanings of V^~^ , ^^^i ^tc. are obvious. 

Using the Lemma 15.311 Lemma 15.351 and the decomposition (I5.32p . the resolution u 
restricted to Gr^"'v'*~ reads: 

fi short root 

By Lemma [5. 3 H the Euler characteristic of ev*J on the target of v""""^ has contributions 

r , r^ triv,a=0 j r^ triv,a=0 

from -k, Gr^v and Gr v : 

(5.36) Y. Xc{M{U)V>-',e^*J) 

fi short root 

= Xc(G/P-,) + Xc(Gr*r"=°, e^*J)xc{Le/Le n P_,) + Xc(Gr;T'"=°, evV). 
The Bruhat-decomposition implies: 

(5.37) Xc{.G/P-^) = 4^{W/W^) = #{short roots in $}; 

(5.38) XciLe/Le n P.,) = i^{We/We n W,). 

Claim. For a short root /3 

,. ,,^^, ,^,-^ fl, ^ ^, lo $0 contains a simple root 
Xc{AdiU)iV>-'),ev*J) = \ 2 . 

^ 1 otherwise. 
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Admitting the Claim first, we finish the proof. Combining (I5.36p . (l5.37p . (I5.38P and the 
Claim, we get 

(5.39) -;^^(Gr;7''^=°,evV) 

= #{short roots} - ri{G)i^{We/We n W^) 

— #{short roots /3|$2 does not contain simple root} 

= #{short roots /3|$2 contains a simple root} - ri{G)ij^{W0/WB fl W^^). 

By Remark 15.34( 1). $2 is totally ordered by heights, hence contains at most one simple 
root. Therefore 

^{short roots /3|$2 contains a simple root} = Ns + Ng 

where Ng (resp. N() is the number of short roots (3 such that $2 contains a short (resp. 
long) simple root. 

• If $2 contains a short simple root, this simple root must be /3 since (3 is the only 
short root in $2 by Remark 15.34( 2). Therefore Ns = Ts(G'). 

• Any simple long root is in the VT-orbit of 6, therefore Ni = ri ■ Nq where A''^ = 
7^{short roots (5\9 G $2}- Such short roots /3 are in the VF^-orbit (this follows by 
applying Remark 15.34( 2) to the dual root system), and 7 is one of them, hence 
Ne = HWe/We n W^). Hence N, = r,{G)i^{We/We n W^). 

Combining these calculations and (I5.39p . we conclude that — Xc(Gr T'"^" ,ev*J) = rs{G), 
hence proving Theorem 111^2). 

It remains to prove the Claim. 
Case I. $2 contains a simple root aj. For u E U and v = Uai{ca,T~^)v"^ G Vg, where 
^"' e Ui3'^a, ^/3M, we have 

eY{Ad{u)v) = Ad{u)uaXcai) ■ Ad(u)ev(f°'). 

This means that Ad(M)f G UB""^^ if and only if Ad(u)ev(f"*) G UB""^^, and in case 
this happens, its image in U/[U, U] is UaXcaJ times the image of Ad(M)ev(t>"') in U/[U, U]. 
Using the decomposition (I5.33p . we can write Ad{U)V^^^ = Uai-i x A for some affine space 
A (the product of other factors), and the sheaf ev*J is an exterior product ev* AS<^. ML 
for some local system L on A. By Kiinneth formula, 

Hl{kd{U)V>-\ev*J) = i7;(f/_„,,_i,ev* AS^J ® KiA^L) = 0. 

Case II. $2 does not contain any simple root. 
We stratify the vector space V^~^ into 



vr-yrui u o^r-^? 



\l3'e<^t-e<(5'<o 



First, we show that XciAd{U)Vi^^ , ev* J) = 1. In fact, since $2 ^ ^^ contains no simple 
root, ev(Ad(f/)V^-^°) C [U,U], hence ev*J is the constans sheaf on Ad(f/)Vg-^°. Since 
Ad{U)Vi^^ is an affine space by (15.331) . we get the conclusion. 
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Second, we prove that Xc(Ad(f/)(V^/^' - V/^'), ev* J) = for each /3' e ^^, -6 < (3' < 0. 

Since /3' ^ —6, (5' — ai is still a root for some simple Oj. Then a = ctj — /?' is a positive 
root. By assumption, at ^ $2? therefore {a, /S'^) = {ai, P"^) — 2 < 0, i.e., a appears in the 
first product in fl5.33p . 

Lemma 5.40. Let a,b E Z>o and /?' < /3i, ■ ■ ■ , /3f, be roots in $2 T'^^^ necessarily distinct), 
then aa + X]j=i A 7^ 0- If aa + X]j=i A ^■^ ^ root, then one of the following situations 
happens 

(1) aa + J2i=i l^i ^^ ^ negative root. Then a = 6 — 1, aa + X]j=i A ^ "^2 ^'^^ ^■^ larger 
than any of the /Si 's (in the total order of $2^'/ 

(2) aa + J2i=i Pi ^^ positive hut not simple; 

(3) a = 6 = 1, /3i = 13' and aa + Ylii=i Pi = (hi- 
proof. If a > 6. Since a + /3' > and A ^ /3', « + A must have positive height. Therefore, 

b b 

aa + ^ /3j = (a - h)a + ^(a + A) > 0. 

Since each term on RHS of the above sum has positive height, it is a simple root if there 
is only one summand, which must be the case (3). 

If a < 6, then {aa + X]j=i A) P"^) >2b — 2a>2. Therefore, if aa + ^^^^ A is a root, we 
must have a = b — I and aa + X]i=i A ^ "^2 ■ Since $2 does not contain simple roots, we 
get either case (1) or case (2). 

In any case, we have aa + J2i=i A 7^ 0. D 

For u = Yl'^oi'ica') (the product over a' G $^, {a, (3"^) < 0), let m" = Yla' ^a '^ot' i^a') ■ 
Similarly, for v G Vg- — V^'' , write v = U(s/{cis'T~^)v/^' Ylufs/'ici^i'T^^) (product over 
/3' < (3" G $2 5 and c^^ invertible). Then 

(5.41) eY{Ad{u)v) =u"[Ua{Ca),Ui3>{C(S')]u^'{C(S') i Y[ [Ma(Ca),M/3"(C/3")]M/3"(C/3") I M°~"^- 

\/3">/3' / 

To calculate (I5.4ip . we use Chevalley commutator relation to write each [Ma(ca), M/3"(c^")] 
into products of positive and negative root factors, and try to pass the negative root 
factors (which necessarily appear in $§ by Lemma [5.40( 1)) to the right. By Chevalley's 
commutator relation, each time we will produce new factors of the form aa + f3i + ■ ■ ■ /3b 
for Pi E ^2^a,b > 0. We keep the positive factors and pass the negative factors further to 
the right. In only thing we need to make sure in this process is when we do commutators 
[Ua'jUy], we always have that a' and 7' are linearly independent so that Chevalley's 
commutator relation is applicable. In fact, in the process, we only encounter the case 
where a' G $+, 7' G $" and a' + 7' has the form aa + /3i + ■ ■ ■ + Z?;, for /3' < /3j G $2 
(a, 6 G Z>o)- The only possibility for a' and 7' to be linearly dependent is a' + 7' = 0, 
which was eliminated by Lemma [5.401 
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In the end of the process, we get 

(5.42) ev{Ad{u)v) = U°'Uai{^CaC(5')u^ \ IT U/3//(C/3// + Cg//) m"'~^. 

\/3">/3',/9"G*^ / 

The term UaX^CaCp') (where e = ±1) comes from [ua{ca),Ui3i{ci3i)]. The term m+ is the 
product all the other positive factors in Uaa+i3i+-i3t (i-e., aa + f3i + - ■ ■ f3b & $"*"). By Lemma 
15.40( 2) (3). these aa + (3i + ■ ■ ■ + (3b are never simple, therefore m+ G [U, U]. Finally, the 
extra coefficient cp" comes from the negative factors in Uaa+i3i+---i3i,j which is a polynomial 
functions in Ca and c^/// for jS'" G $2- ^y Lemma 15.40( 1). cp// only involves those c^/// such 
that (3'" < P". 

Therefore we can make a change of variables 

{5A3)Ad{U){V^^' -V^^) ^ f/, X [/;,_, X J] Ua'X J] t/^„,_i 

Ad{u){v) ^ (Ma(c„),U/3'(C/3/r~^),u",]^U/3//(c/3" +C/3"))- 

Let A be the product of the last three terms in IK^ . Let pr^ : Ad{U){V^^' - Vg^'^') -> A 
be the projection. In view of (I5.42p . the restriction of ev*J on the fibers of pr^^ are 
isomorphic to Artin-Schreier sheaves on Ua , therefore pr^ iCv* J = 0, hence 

H:{AdiU)Ul^„eY*J) = H:{A,pi^,eY*J) = 0. 

This completes the proof of Case II of the Claim. 

6. Global monodromy 
This section is devoted to the proof of Theorem [31 Let G be split almost simple over k. 

6.1. Dependence on the additive character. Recall from Remark 12.7115] ) that T x 
Aut^(G') X (G^* acts on BunG'(o,2) and the Hecke correspondence (12.61) . 

The group T{k) x Aut"''(G') x G^^^{k) also acts on /oo(l)//oo(2), hence on the space of 
generic additive characters. Let 5*,^ be the stabilizer of under the action of T x Aut ' (G) x 
G™*. This is a finite group scheme over k. 

When G is of adjoint type, for each a G Aut' (G), there is a unique (t, s) G {T x (G^*)(/i;) 
such that (t, a, s) fixes 0. Therefore, in this case, the projection S^ — )■ Aut^(G) — > Out(G) 
is an isomorphism (as discrete groups over k). In general, S^ — )■ Aut^(G) is a ZG-torsor, 
but may not be surjective on /c-points. 

The following lemma follows immediately from the definition of the geometric Hecke 
operators. 

Lemma 6.1. The tensor functor defining KIq{(J)) 

Hk^ : 5 3 ICy ^ Hky(A^)|,,pi^^^^^^ G Loc(P({o,^}) 

carries a natural S^-equivariant structure. Here S^{k) acts on S via its image in Aut^(G) 
and S^{k) acts on Loc(P^|q^|) via its action on Pwoooj through S^ — )■ G™*. 
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In Lemma [9.3( 1) we will check that under the equivalence Rep(G') = S the Aut^(G')- 
action on S coincides with the action of Aut^(G') = Aut^(G') with respect to the chosen 
pinning of the dual group. 

Let Sl{k) = ker(5^(fc) -> G'^\k)) and let ^^°*(A;) be the image of ^<^(A;) in G'^\k), which 
is a finite cyclic group. We would like to use the above equivariance to conclude that the 
monodromy representation of KIq^cJ)) can be chosen to take values in G <*' ■*. However, 
since this representation is only defined up to inner automorphisms, this requires an extra 
argument. 

Recall that we have chosen a geometric generic point f] over Specii'o) the formal punc- 
tured disc at 0. We defined K\q{(J), 1) as a functor from the Satake category S = Rep((j) 
to Loc(Py|Q^|), so that restriction to rj is a tensor functor 



(6.2) 



oj^ : S 



K1g(0) 



> Loc(P(|o_<^}) 



Vec, 



As this is a fiber functor of S, we can define G = Auf ^fo;^). Of course G is isomor- 
phic to G but not canonically so. The group G has the advantage, that by Tannakian 
formalism, we get a canonical homomorphism Aut'^(j^) — )■ Aut '^fcu^), where Aut®(j^) is 
the pro-algebraic envelope of the fundamental group 'n'liPliQ^},^]). Therefore we get a 
homomorphism 

(6.3) ^:7ri(P^^o,oo}'^)^*^(^^)- 

By Lemma 16.11 we get a homomorphism 



(6.4) 



(Jw) 



Slik) -^ Aut®(5,Hk<^) -^ Ant® {S, 00^) = AutCG). 



In other words, we have an action of S"! on G. We will prove in Lemma [9.41 that G also 
carries a natural pinning | and that the above action preserves this pinning. The pinnings 
I and t define a canonical isomorphism can : G = G. Using this identification we obtain: 

Corollary 6.5. The monodromy representation (f extends to a homomorphism between 
exact sequences: 



(6.6) 






\{0,oo} 



v) 



STik) 



QSlik) 



^ G^l'^'U Sl°\k) ^Sl°\k) 



Proof. By (El, the 5^(A;)-action on '^G factors through 5^(fc) -^ Aut®(5,Hk^). By 
Lemma [9T2| the monodromy representation ip thus factors through tti (P\ rg ooj' ^) ~^ G <* C 
G, I.e., 

Hk^ : 5 = Rep(*G) ^ RepC^G^^^^)) A Loc(P\\ 
for some tensor functor k. 



\{0,oo}J 
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We identified G = G using the pinned isomorphism "can" , so we can view the functor 
K as Rep(G^J('=)) ^ Loc(P(^o „^^). Then S'^\k) = S^{k)/Sl{k) acts on G^J^'^) via S^ik) -> 

Out((j') A Aut^(G'), hence acting on the source and target of n. Lemma [6.11 imphes that 
K carries a natural S'J,°*(A;)-equivariant structure. Taking S'5,°*(/i;)-invariants of both tensor 
categories, we get a functor k: 

RepiG'l^'^ X 5f (fc)) ^-Loc(P(^o,^j/5f (A;)) 



^STW 



Rep(G^J«)^r e^) ^^^^^^ Loc(P(^o,^j; 



s-'(fc) 



Since the quotient map P\ 
power map of P\ 



\{0,oo} 



-> 



P\{o,oo}/'5r(^) ^^^ ^^ identified with the #5^°*(A;)-th 



\{0,oo} 



I, we arrive at the diagram (\Q.6\\ . 



D 



IS 



Remark 6.7. Corollary 16.51 remains true if k is replaced by an extension k' and Pyrg oo> 
replaced by P^|q ^y^kk'. In particular, to get information about the geometric monodromy, 

we take for k' = k. 

In the case Out((j) is nontrivial, we have 

Table 2. Outer automorphisms and stabilizers of (p 



G 


kut\G)- 


^Out(G) 


G'Autt(G) 


slik) 


sTik) 


A2n-i {n > 2) 


Z/2 




Cn 


Out(G) 


1 


A2n 


Z/2 




Bn 


1 


Z/2 


D, 


^3 




G2 


Out(G) 


1 


Dn (n > 5) 


Z/2 




Bn-l 


Out(G) 


1 


E, 


Z/2 




F, 


Out(G) 


1 



6.2. Zariski closure of global monodromy. Let Ggeo C G be the Zariski closure of the 
image of the geometric monodromy representation ip^'^° : 7ri(Py|Q^| ®kk^ri) ^ G = G. 



We first show that Gg^o is not too small. 



Proposition 6.8 (B. Gross). If ch.ai{k) > 2, and the rank of G is at least 2, the G, 
not contained in any principal PGL2 C G. 



IS 



Proof. Suppose instead Ggco C PGL2 C G, where PGL2 contains a principal unipotent 
element (image of Jq) of G. The image of the wild inertia [J+ must be nontrivial because 
Klg (0) has nonzero Swan conductor at 00. 

Since p = char(A;) > 2, (p{^^) lies in a maximal torus Gm C PGL2 and contains fip C Gm- 
Since (p{Joo) normalizes (p{J^), it must be contained in the normalizer A^((Gm) C PGL2 of 
the torus Gm- 

For any irreducible representation S'^^ = Sym^^(Std) of PGL2 (where Std is the 2- 
dimensional representation of SL2), every pair of weight spaces S'^^{n) © S'^^{—n) (0 < n < 
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i) is stable under N{Gm), hence under Joo- If the weight n does not divide p, the Swan 
conductor of S'^^{n) © S^^{—n) is at least 1. Therefore 

Consider the action of Joo on the quasi-minuscule representation Vqv of G. By Lemma 
110.11 Vgv decomposes into rs{G) irreducible representations of the principal PGL2: Vgv = 

S"^^! © ■ ■ ■ © S'^'^'-''(G). Therefore 



Swan.jVe^) > $^ (£. - [i^/p]) > (1 - -)^^. 



Here we used ^^ £j = hrs{G)/2 (see the proof of Lemma flO.ip . So as long as /i > 3 or p > 3, 
we get contradiction. Even when h = 3 and p = 3, then G = PGL3 with Vgv = S'^ (B S"^, 
we still have Swan(Vev) > 2 + 1 = 3 > rs{G), contradiction! D 

Proof of Theorem\^ Since K1^(0) is a pure of weight for every V G Rep(G'), hence 
geometrically semisimple. By Deligne [HI CoroUaire 1.3.9], the neutral component G° of 
Ggeo is a semisimple group. 

Step I. Assume G is not of type Ai, A2n or B^. We first determine G°eo5 or equivalently, 
its Lie algebra 0geo- 

On the one hand, by Theorem [1]^2), G^^^ contains a principal unipotent element, hence 
containing a principal PGL2. Proposition 16.81 says that Ggeo cannot be equal to PGL2. 
Since a principal PGL2 is its own normalizer in G, we conclude that G° cannot be equal 
to PGL2, i.e., SI2 ^ 0geo- _ 

On the other hand, since G is not of type A2n, S^{k) = Aut^(G') ^Out(G'). In this 

case, CoroUarv 16.51 implies Ggeo C G'^''*^^^). 

Dynkin classified all Lie subalgebras ggeo C Q which contain a principal SI2. If 5 7^ 507, 
then either ggeo = SI2 or Qgco is the fixed point algebra of some pinned automorphism of G. 
In our case, if G is not of type A2n, we can already conclude that ggeo = g^"* ^'^■'■ 
Step II. Suppose G is of type B^ and char(/c) > 3, we claim that G°gQ = G2- 

For this it suffices to show that Klgo^'^(0) contains has a global section over P^|q ^| ©jt k, 
where V7 is the 7-dimensional standard representation of SO7. Suppose the contrary, then 
the long exact sequence f l5.4l) -( l5l6l) with g replaced by A^Vj would imply 

(6.9) dim(AV7)^« + dim(AV7)^- < dimi7](P(^o,oo}' ^0(0)) = Swan,^(AV7). 

We use the standard basis {e_3, ■ ■ ■ , Cq, ■ ■ ■ , 63} for ¥7 (the quadratic form is Cq + eie_i + 
626-2 + e3e_3). The 0-weight space of A^V7 under the principal SI2 is spanned by {ci A 
e_2 A e_3, e_i A 62 A 63, cq A Cj A e_j, z = 1, 2, 3}, hence has dimension 5. Since Jo acts on 
V7 as a principal unipotent element by Theorem [Tt^3), one concludes dim(A^V7)-'° = 5. 

Since char(/c) > 3, it does not divide the Coxeter number of G, therefore Corollary 12. 131 
is applicable. Since the breaks of the J+ -action on Vj are 1/h = 1/6, the breaks of J+ on 
the nonzero weight spaces of A^V7 are < 1/6. Therefore Swan3^(A^V7) < [|dimA^V7] = 
[35/6] = 5. Moreover, by the description of (/'(J^) in Corollary 12. 13[ J+ acts trivially on 
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Spanjci A 62 A 63, e_i A e_2 A e_3}, and the Coxeter permutation ei — )■ 62 — )■ 63 — )■ e_i — t- 
e_2 — > e_3 — 7- ci permutes ei A 62 A 63 and e_i A e_2 A e_3. We get dim (A '^1^7)''°° > 1. Thus 

dim(A^y7)^° + dim(A^y7)^°° > 5 + 1 > 5 > Swana^(AV7), 

which contradicts (16.91) . This proves that Ggeo = G2 in the case G = SO7. 

Step III. When G is of type A2n- In this case, Kl(5(0) comes from the classical Kloosterman 

sheaf K1„(0), whose global monodromy is treated by Katz in [25], see (10.21) . 

Step IV. It remains to prove that Ggeo is connected. 

The case of An is treated by Katz in loc. cit. In the case G is of type Eq, one checks 
that G^^^ ('^) is already connected. 

In general, we have Gg^o C Nq{G'^^^) = G'^^^ZG. Consider the surjective homomorphism 

W ■■ vrr(P\{o,oo},^) ^ Ggeo ^ 7ro(Ggeo) = ZG/ZG n G°,„. 

Assuming G is not of type An or Eq, then 7ro(G) is a 2-group. Since char(A;) > 2, ip^^° factors 
through the tame quotient. On the other hand, the tame generator in Jq — ^^°°(P\{o 00}' ^) 
must map to a unipotent element in Ggeo, hence inside Ggeo, therefore the map ^pseo jg 
trivial, i.e., Ggeo is connected. D 

7. FUNCTORIALITY OF KLOOSTERMAN SHEAVES-CONJECTURES 

In this section, we offer some conjectures for a further study on Kloosterman sheaves. In 
particular, according to a rigidity property that is known in the case of GL„ according to 
Katz and Gabber, the Kloosterman sheaves with the same geometric monodromy tabulated 
in Table [1] should be isomorphic after matching the additive characters 0. We will also 
give a conjectural description of the local and global monodromy of KlLg{(f)) for certain 
quasi-split groups Q. 

7.1. Rigidity. 

Conjecture 7.1 (Physical rigidity of Kloosterman sheaves). Suppose L is a G-local system 
on P\|ooo| ®k k which, as Jq and Jao-i"epi"esentations, has the same isomorphism types as 
K1g(0,x). ThenL = K\ai(l),x) overF\^,,^y0kk. 
Even stronger, we expect 

Conjecture 7.2. Suppose L is a G-local system on Pyroooj satisfying 

• L is tame at {0}, the semisimple part of the image of a topological generator o/Jq is 
conjugate to an element inT[q — 1] which corresponds to a multiplicative character 

• SwariooiL^'^) = r, and {L^'^f^ = 0. 

Then there exists a generic linear function : /(l)//(2) — > Ga such that L = K\q{(J),x) 
up to an unramified twist (given by Gal{k/k) — )• ZG). 

Inspired by the above conjectures, and the calculation of the local and global mon- 
odromy of Kloosterman sheaves given in Theorem [1]^2), Corollary 12 . 1 3 1 and Theorem |3l we 
conjecture that there should be functorial relationship between the Kloosterman sheaves. 
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Conjecture 7.3. Let G, G' be split almost simple groups over k whose dual groups G D G' 
appear in the same line of Table [H Then for every generic linear function of G, there 
exists a generic linear function 0' of G' such that over P^r^ ^i 0^ k, the Kloosterman sheaf 
Kl(5(0) is the pushout of the Kloosterman sheaf KIq, {</)'). 

7.2. Quasi-split groups. Let G be a split, almost simple and simply-connected group 
over k. Let Q be the quasi-split group scheme on P^ whose restriction to P^g ooj ^^ given 

by the twisting a : hn "^ Aut'(G) as in §1.11 Recall that A^ is assumed to be prime to 
char (A;), and N = 2 unless G is of type D4, in which case A^ = 3. We abuse the notation 
to denote still by a the image of a generator of jjn in Aut^(G'). We identify Aut^(G) with 
Aut^(G') using the isomorphism in Lemma [9.3( 2). We write (a) C Aut^(G') = Aut'(G) for 
the subgroup generated by a. The associated L-group can be taken as "^ = G x (cr). The 
Kloosterman sheaf KlLg(0) constructed in Theorem [1] gives a monodromy representation 

The adjoint representation Ad : G — t- GL(g) can be extend to a homomorphism 

Ad, : ^^ ^ GL(0), 

so that the Kloosterman sheaf Klig(0) induces a local system Klz^ (0). 

We have the following predictions for the local monodromy of KlLg(0). The tame mon- 
odromy at {0} should be generated by the element (m, a) G ^ = G x (a), where m G G*^ is a 
principal unipotent element. The Swan conductor Swanoo(KlLg(0)) = —Xc(P\iooo\,^^Lgi4>)) 
should equal the rank of the neutral component of G°". Moreover, we also expect that the 
analog of Corollary 12.131 holds for KlLg(0), with the Coxeter element replaced by the a- 
twisted Coxeter element CoXg- E W x {a} C W x {a) (see [35] and [3ll §5]), and the 
Coxeter number replaced by the a- twisted Coxeter number h^j (the order of the Cox^^). 

As for the global monodromy, we expect that for char(/i;) not too small, the global 
geometric monodromy representation ip^'^° for KlLg(0) has Zariski dense image. 

We observe from Table [1] that for simply-laced split groups G not of type A2n, the 
Zariski closure Ggeo of the geometric monodromy of KIq{(J)) is smaller than G. Now pick 
a quasi-split form ^ of G built out of a nontrivial a G Aut^(G) of order A^, then accord- 
ing to our expectation, the G-local system [A^]*KlLg(0) on P\|ooo| (^^^ A^-th Kummer 
cover of P\rooo}' which is still isomorphic to P\|ooo|) should have Zariski dense geometric 
monodromy in G. This compensates the smallness of Ggeo for simply-laced G. 

When G is of type A2n, by Corollar\ 16.5[ ip extends to 

^l(P\{0,oo}>^) ^ GX /i2, 

hence giving a G x /i2-local system K\q{(J)) on P^q oo|//^2- On the other hand, let Q be the 
quasi-split unitary group given by the nontrivial a G Aut^(G). We have a Kloosterman 
sheaf KlLg{(f)') on Pwgooi. After identifying ^ with G x yU2 and matching with 0', we 

expect that KlLg(0) = Kl^(0') over P(|o,oo} ®kk= (P\{o,oo}//^2) ®k k. 
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8. Appendix: Proof of Proposition 11.11 on the geometry of moduli spaces 

of ^-bundles on p^ 

In this appendix, we give a proof of Proposition 11.11 

Proof. The proof of the first two claims uses the same argument as in [231 Proposition 3]. 
We will first assume that the base field k is algebraically closed. 

A. Assume that ^ = T is a torus. In this case (2) has been proved in [2¥, Lemma 16]. 
Let us prove (1). Since T is abehan, for any T-torsor V we have H^{P^, V x^Lie(T)) = 

if ^(P^, Lie(T)). We claim that this group vanishes. By construction we know that 
Lie(r) C Lie([A',](G;;, x P^)) is a direct summand. Also Lie([A^],(C;;, x P^)) = [Ar]*C^i 
and H^{¥\ [A^],(Cpi)) = H^{¥^,0^i) = 0. Thus H\F\V x^ Ue{T)) = for any V, 
so that there are no non-trivial deformations of T-bundles. Since k is algebraically closed 
H^^kiP^), T) = 0, i.e., all T-bundles are generically trivial. Thus the map ®x£P^T{Kx)/T{Ox) — >■ 
Bun7-(A;) is surjective. By construction, the isomorphism 7ro(Bun7-) = vri(T)7ri((G„) is in- 
duced from the Kottwitz homomorphism 7ro(Gr7-.j) — )■ y^*(T)Gai{K^''^/K^)- Thus for any x 
the map T{Kx) — ?■ Bun7-(/i;) is surjective. This proves (1) in the case of tori. Finally (1) 
and (2) imply (4) for tori. 

B. For semisimple, simply connected groups Q statements (1) and (2) have been proved 
in [231 Theorem 4], again assuming k to be algebraically closed. 

C. Suppose that the derived group ^der|]P\|ooo| ^^ ^l^uoooj ^^ simply connected and 
denote ^|P\|ooo| •" ^/^der|P\|ooo|- Then Haines and Rapoport show that there is an 
induced exact sequence of group schemes over P^- 



1 ^ ^dcr ^Q ^V^l. 



Since any P-bundle is trivial over P^\{x} and we know the same for all forms of Qder as 
well, this implies (1) for Q. Moreover, we know from (loc.cit.) that Q{k{{s))) — > 'D{k{{s))) 
is surjective. Thus 7ro(Bung) = 7ro(Bunx)), which proves (2) for Q. 
D. For general groups Q we can choose a z-extension 

such that Z is an induced torus and Q'^^^. is simply connected. By Tsen's theorem H'^{F^, Z) ■ 
0, thus any Q bundle can be lifted to a Q' bundle. Since we know (1) for Q' this proves 
(1) for Q. To prove (2) we use that under our assumption (X^=(Z))^^(pi ) is torsion free 

and therefore as in |23j we have an exact sequence: 

To prove the third claim we follow the arguments of Ramanathan [33] or Faltings [T¥l 
Lemma 4]. 

We need to fix notations for dominant weights. First X*(T)q "" = X*(S')(q. Moreover, 
the relative roots $(^, S) span the subspace of characters of 5* that are trivial on the center 
of Q. We denote by X*(T)7ri((G„),+ C 7ro(Bun7-) the the subset of 7 G X*(T)7ri((G^) such 
that for any positive, relative root a G $(^,5*)+ we have 0(7) > 0. 
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First, we want to prove that 

QiHis))) = n g{k[t])x{s)g{k[[s]]). 

Aex,(r)^^(c!m),+ 

From (1) we conclude that every ^-bundle is trivial outside any point. In particular any 
Q bundle admits a reduction to the Borel subgroup B. Let £^ be a ^-bundle and choose a 
reduction £q of £ to B. 

For any character a: T -^ Gm we denote by Sb{<^) the associated line bundle on P^. 
Since X.* (T)^^^^"'^ = X*(5)q the degree deg{£B{a)) e Q is also defined for a E X*(5). 

We claim that if for all positive, simple roots a^ G ^{Q,S)~^ we have deg{£s{ai)) > 
then the bundle £b admits a reduction to T. 

To show this, denote by U the unipotent radical of B and £r '■= £b/U the induced 
T-bundle. In order to show that £b is induced from £j- we only need to show that 
H^{¥^,£j- y.'^ U) = 0. The group U has a filtration, such that the subquotients are 
given by root subgroups. 

Consider a positive, relative root a G $(^,5*). The root subgroup Ua is a direct summand 
of [N]^:{Q)Ua') where the sum is over those roots a' G $(G, T) that restrict to a on S. Thus 
Ua is a direct summand of a vector bundle V satisfying H^iP^, V) = 0. 

Similarly £'j- x"^ Ua is a direct summand of £^r >^'^ [A^]*(©Wq,/). Since [N]*£j- is 7ri(Gm)- 
invariant this implies that H^ of this bundle is if deg(£^B(a)) > 0. Thus we also find 
H\P\£rX^U) = 0. 

If the reduction £^g does not satisfy the condition deg(£B(aj)) > for some simple root Oj 
we want to modify the reduction £b. Consider the parabolic subgroup Vai C Q generated 
by B and W_a- . The root subgroups W±a- define a subgroup C oiV such that the simply 
connected cover of C is either isomorphic to [ra]*SL2 or isomorphic to [raj^SUa for some 
n dividing A^ [7, §4.1.4]. The semisimple quotient V'^'^ /Z{V'^'^) is isomorphic to L"''^ and 
furthermore V /B = C/{C n B). We claim that the result holds for C"-"^ bundles, because 
these bundles can be described in terms of vector bundles. If C"''^ = [n]*PGL2, then the 
result follows from the result for vector bundles of rank 2. The case of unitary groups is 
similar, we will explain it below in Lemma 18.11 

Thus we can find a new reduction £q to B such that £p^_ is unchanged, but £'Q{ai) > 0. 
This implies that for the fundamental weights e^ (multiples of the determinant of the 
adjoint representation of the maximal parabolic subgroups V^ , generated by B and all Ua^ 
with i 7^ k), the degree of £B{^k) ioi k j^ i is unchanged but the degree ^^(cj) is larger 
than the degree of £b{u)- 

However ^^(ej) is a subbundle of A'^™'^'"'''*^'^'^^£^(Lie(^)), so the degree of all of these line 
bundles is bounded, so the procedure must eventually produce a S-reduction satisfying 
deg{£B{ai)) > for all simple roots. This proves (3). 

Let us deduce the Birkhoff decomposition (4). In the case of constant groups, this is 
usually deduced from the decomposition G = B~WoB and (3). For general Q the analog 
of this is provided by [71 Theorem 4.6.33]: Denote by Go '■= Gq"^ the reductive quotient 
of the fiber of Q over and Bq C Gq the image of B. Denote by Uq the unipotent radical 
of Bq, so that Go = UqWqBq. The quoted result says that the inverse image of Bq in Q 
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is /(O). By construction of Q, elements of Uo{k) can be lifted to W(P^). Thus we have 

g{k[[s]]) = UoWoHo). 

Similarly, by our construction of Q this decomposition implies ^(A^) = I~{0)WoUo- 

For dominant t G T{k{{s))) and b & Nq we have t~^bt G /(O). Thus using (3) we find 
Q{k{{s))) = I~ {0)T{k{{s)))Q {k[[s]]) . Now we want to argue in the same way, decomposing 
^(A;[[s]]). For any t we can choose w G Wo such that wtw~^ is dominant. Then choose 
B'q C Go as wBqw~^ and write Gq = B'qWqBq. Then we can use the same argument as 
before to deduce (4) (still assuming k to be algebraically closed). 

Let us deduce the case that A; is a finite field. First assume that Q splits over the 
totally ramified covering [A^] : P^ — )■ P^. The embedding W — > Grg^^ is then defined over 
k, so that all geometric points of Bung are defined over k. Moreover we claim that the 
automorphism group of any ^(0, 0)-bundle is connected. Once we show this, (1),(3) and 
(4) follow over k by Lang's theorem. 

We have H%F\r) ^ H%F\ [N],{<GlJ) = G'^. Therefore, H%F\T) = V^, which 
is a connected group. Also for any w G W, the automorphism group of the corresponding 
^(0, 0)-bundle over k is /^(O) r]wl{0)w^^. This group admits H'^(P^, T) as a quotient and 
the kernel is a product of root subgroups for afiine roots, which are connected as well. 

The general case follows form this by Galois-descent, using [23l Remark 9] that the 
Iwahori-Weyl-group can be computed as the Galois-invariants in the Iwahori-Weyl-group 
over the separable closure of A;. D 

In the above proof we used the following special case. Denote by SU-^ the quasi-split 
unitary group for the covering [2] : P^ — t- P^. This can be described as the special unitary 
group for the hermitian form /i(a;i,a;2, X3) = Xix^ + X2X2 + x^xl- Denote by PSU^ the 
corresponding adjoint group. 

Lemma 8.1. Any PSU3 bundle V has a reduction Vb to B such that for the positive root 
a we have degiVB^o)) > 0. 

Proof. Define GU^ to be the group obtained from SU^ by extending the center of SU^ to 
[2]*(Gm,, so that thee is an exact sequence 1 — )■ [2]*(Gm — ^ GU^ — )■ PSU3 — )■ 1. Again, every 
PSU3 bundle is induced from a Gf/3-bundle. Such a bundle can be viewed as a rank 3 

vector bundle S on the covering P^ — y P^ with a hermitian form with values in a line 
bundle of the form [2]*£. In this case, to give a reduction to B it is sufficient to give an 
isotropic line sub-bundle £1 — )■ £, as this defines a flag £1 C S^ C E. \iE is not semistable, 
then the canonical subbundle of E defines an isotropic subbundle of positive degree, so in 
this case a reduction exists. If E is semistable, then the hermitian form defines a global 
isomorphism E ^H- o*E^ ® [2]*£. But such an isomorphism must be constant, so that we 
can find an isotropic subbundle of degree 3 ' . D 

9. Appendix: Geometric Satake equivalence and pinnings of the 

Langlands dual group 

We first need some general properties of tensor functors. Let C be a rigid tensor category 
with a fiber functor uj : C ^f N&cp where F is a field. Let B = Aut®(ci;) be the algebraic 
group over F determined by {C,uj). 
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For any F-algebra R, let ur : C ^ Vecp > Mod/?- Let Aut^ {C,ur) be isomorphism 
classes of pairs (cr, a) where a : C ^ C is a tensor auto-equivalence, and a : uro a ^ ur 
is a natural isomorphism of functors. Then Aut^{C,UR) has a natural group structure. 
Denote by Aut®(C, u) the functor R i— )■ Aut® (C, ur), which defines a fppf sheaf of groups. 
On the other hand, let Ant[H) be the fppf sheaf of automorphisms of the pro-algebraic 
group H over F. 

Lemma 9.1. There is a natural isomorphism of fppf sheaves of groups Aut® (C, oo) — > Ant (H) . 
In particular, we have a natural isomorphism of groups Aut®(C,ci;) ^Aut{H), which in- 
duces an isomorphism of groups [Aut®(C)] ^ Out(if), where [Aut®(C)] is the set of iso- 
morphism classes of tensor auto- equivalences of C. 

On the level of F-points, a pair (a, a) G Aut®(C,ci;) gives the following automorphism 
of if = Aut®(a;): it sends h : u ^ u to the natural transformation 

UJ ^ UJ o a =^ uj o a ^ uj. 

More generally, suppose we are given a tensor functor $ : C -t- C into another rigid 
tensor category C, we can similarly define a sheaf of groups Aut®(C, $). 

Let w' : C — )■ Vec be a fiber functor and w = w' o $. Then there is a natural homo- 
morphism co'^ : Aut®(C,<l>) -^ Aut®(C,w) = AuUH) by sending {a, a) G Aut®(C,<l>) to 
(cr, id^/ o a) G Aut'®(C,a;). In other words, Aut®(C, $) acts on the pro-algebraic group H. 

On the other hand, we have natural homomorphism of pro-algebraic groups $* : if ' = 
Ant^(uj') -^H = Aut^fg;). 

Lemma 9.2. T/ie homomorphism $* : ii' — t- ii factors through H' — )■ ii^ii^ ('^'*) c ii. 



Now we consider the normalized semisimple Satake category S in §2.31 Following 
and [18J, we use the global section functor h to define G = Aut®(/i) and get the geometric 
Satake equivalence S = Rep((j). 

Lemma 9.3. 

(1) There is a natural homomorphism Aut(G') — > Aut®(5, h) = Aut(G') which factors 
through T: Out(G') -)■ Aut(G); 

(2) There is a natural pinning f = {B,T, {xq,v}) of G preserved by the Ont{G)-action 
via T. Let Aut^(G') be the automorphism group of G fixing this pinning. Then T 
induces an isomorphism l : Out(G') -^■Aut^(G'). 

Proof. (1) The Aut(G)-action on (5, /i) is induced from its action on Gr^. Since objects 
in S carry G-equivariant structures under the conjugation action of G on Grc, inner auto- 
morphisms of G acts trivially on (5, /i), i.e., the Aut(G)-action on (iS, h) factors through 
Out(G'). 

(2) We first need to exhibit a pinning of G which is preserved by the Aut((j')-action. For 
this, we need to give a maximal torus T C G, a cocharacter 2p G X*(T) = X^,(T) (half 
the sum of positive coroots in the pinning), and a principal nilpotent element e G g (the 
sum of simple root vectors) . Equivalently, we need to 
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(PI) Factor the fiber functor h into a tensor functor 

h= /,/- 5 ^ Vec^*(^) ^^ Vec. 

/jex.(T) 

(P2) Find a a tensor derivation e : h ^ h (i.e., e{Ki*K2) = e{Ki)^idK2 +idKi ®e(i^2)) 
wliicli sends h'^ to (Bih^^°'', such that for each simple root Oj, the component 
f^fi _s, j^fi+ai jg nonzero as a functor. 



The factorization /i'^ is given by Mirkovic-Vilonen's "weight functors" [301 Theorem 3.5, 
3.6]. They also proved that h = ^^ /i* (where h^ is the sum of h'^ with (2p, /i) = i) coincides 
with the cohomological grading of h = H*{Gtg, —)■ The tensor derivation e is given by 
the cup product with ci(£det) G H'^{Gtg, Qe), where £det is the determinant line bundle 
on Gr^. 

The action of Aut^(G) C Aut(G) on S permutes the weight functors h^ in the same way 
as it permutes /x G X*(T), preserves the (2p, /i) (hence preserves 2p G X*(T) = X^,(T)), 
and commutes with e = ci(£det)- Therefore, the Aut^(G) -^ Out(G)-action on S preserves 
the above pinning. 

An element a E Aut^(G*) induces a dual automorphism a of the Dynkin diagram of 
G. Since a* IC^ = ICcr-i(^), the self-equivalence a* of iS = Rep(G) is isomorphic to the 
self-equivalence of Rep((j) induced by the pinned automorphisms of G given by the dual 
automorphism a~^ on the Dynkin diagram of G. This proves 

Out(G) ^ [Aut^(5)] ^ [Aut®(Rep(G))] = Out(G) 

is an isomorphism (the last isomorphism follows from Lemma [9. ip . Hence t : Out(G') — ?■ 
Aut^(G) is also an isomorphism. D 

For our purpose in ^ we shall also need a different fiber functor u^ defined in (12. lip . 
Recall that S",^ is the stabilizer of under the action of T x Aut' (G) x (G™*, and S]{k) = 

keT{S^{k) — )■ (G™*(/i;)). Recall from (16. 4p that we have an action of S^{k) on G. 

Lemma 9.4. There is a natural pinning | = ( 5, T, {''^x^.v}) of G which is preserved by 
the S^{k)-action. 

Proof. Using (14. 4p . we can rewrite the fiber functor u^ as 

5 APerv/o(FlG) ^ Vec 

where Fl^ = G((t))//o is the affine flag variety at {0}, ^ : 5 ^ Perv(/o\G'((t))//o) = 
Perv/o(Fl) is the nearby cycles functor of Gaitsgory [16], and V^(-R') := -Rrc(FlG', K^pilA^) 

as in (14. 4p . To exhibit a pinning of G, we need to find analogs of (PI) and (P2) as in the 
proof of Lemma 19.3( 2) . 

According to Arkhipov-Bezrukavnikov \ii Theorem 4], each object "^{K) admits a 
X^,(T)-filtration with Wakimoto sheaves as associated graded pieces. More precisely, they 
constructed a functor 

(9.5) W^o^iJ{-):S ^Vec^*^^\ 

AtGX*(T) 
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Here for ^(K) E Perv/Q(FlG') with Wakimoto filtration \I/(i^)<^, we write gr^\I/(i^) = 
^(/s:)<^./^(ir)<^. = J^, O W^{K), wfiere J^ is tlie Wakimoto slieaf [H §3.2] and W^'{K) is 
a vector space with Frobenius action. In [H Theorem 6], it is proved that (19. 5p is tensor. 
For each /i, let j^ : Fl^ = IqI^IqIIq m- FIg be the inclusion. We fix the Frobenius struc- 
ture of J^ in the following way: for yU regular dominant, let J^ = j^^*(Q^[(2p, /i)]((2p, /x)); 
for fi regular anti-dominant, let J^ = j^j(Q^[(2p, /i)]; for general yU = /ii + yU2 where /ii 

is regular dominant and fi2 is regular anti-dominant, let J^ = J^^ * J^j (where * is the 
convolution on Fig). It follows from [TJ Lemma 8, Corollary 1] that J^ is well-defined. This 
normalization makes sure that in the composition series of J^, 6 = ICi appears exactly 
once, with multiplicity space Q^ as a trivial Frobenius module (see [H Lemma 3(a)] with 
obvious adjustment to the mixed setting). Since all ICq are killed by V^ except w = 1, we 
conclude that 

(9.6) Vcfii'Jfj.) = Q^ as a trivial Frobenius module for all yU G X*(T). 

Claim. For K E S, VV^^K) is pure of weight (2p, //). In fact, we have a natural isomor- 
phism of funtors h^ = W^ (h'^ is the weight functor in [30l Theorem 3.5, 3.6], which was 
used in the proof of Lemma \9.3\) . 

Proof. We first recall the definition of the weight functors in loc. cit. For every p G X=k(T), 
let &^ C Gic be the [/((t))-orbit containing t^. The weight function defined in loc. citis 
h^{K) = H*{&fj,,K), which is concentrated in degree (2p, /x). 

Let 71 : Flc — )■ Gr^ be the projection, then 7r~^(©^) = U^j^w&^iw, where (3^^ C Fl^ is 
the ?7((t))-orbit containing t^w. We have natural isomorphisms (for K E S) 

Here the first equality follows from it\'${K) = K, and the last two isomorphisms follow 
from [H Theorem 4(2)] (with extra care about the Frobenius structure). 

Since h'^{K) = H^{Gtg, K) is pure of weight i, and h^{K) is a direct summand of /i^^^'^\ 
h^{K) is pure of weight (2p, /i). Hence W^{K) is also pure of weight (2p, p). D 

Now we construct a natural isomorphism W^ = co^. For each K E S, the Waki- 
moto filtration on \&(fi') gives a spectral sequence calculating V"^(\l'(i^)) with Ei page 
V^{gT^^{K)). By dnD, 

(9.7) V^igr^^i'iK)) = V^{J,) ® W^iK) = IV^iK) 

is concentrated in degree 0, the spectral sequence degenerates at Ei. The limit of the 
spectral sequence gives a Wakimoto filtration on the Frobenius module uj^{K) = V0(\E'(-ft')), 
which we denote by w<f^. By the Claim and (19. 7p . this filtration refines the weight filtration 
w<i on u^{K): 

grrMK)= gr^u^iK). 

(2p,/x)=i 

Since uj^{K) is a Frobenius module in Q^- vector spaces, the weight filtration splits canon- 
ically. Therefore, the Wakimoto filtration w<^uj^{K) also splits canonically. This gives a 
canonical isomorphism ^ W^ = u^. 
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Finally, the principal nilpotent element is given by the logarithm of the monodromy 
action (of a topological generator of the tame inertia group at 0) on the nearby cycles ( [TB| 
Theorem 2]) Mk : "^{K) -^ ^<{K){-1). 

The action of S\{k) commutes with the nearby cycle functor, therefore commutes with 
the monodromy Mr-. It permutes the Wakimoto sheaves, hence permutes the functors W^ 
through the action of 5'^(A;) — )• Aut^(G') on X*(T), and it preserves (2p, /i). Therefore the 
S'0(/c)-action preserves the pinning %. D 

10. Appendix: Quasi-minuscule combinatorics 

We assume G is almost simple of rank at least 2. 

Let 6 be the highest root (which is a long root) and 6*^ the corresponding coroot (which 
is a short coroot). The set of roots $ is partitioned into $^ = {a G $|(a,^^) = n}, 
n = 0, ±1, ±2, with $^2 = {i^}- The roots in $^ are coupled into pairs (a,/3) with 
a + (3 = 9. 

Let Vqv be the irreducible representation of G with highest weight ^^. The nonzero 
weights of V^v are the short roots of G, each with multiplicity 1. Let {e = J2i ^ii 2p, / = 
Tli Hi] £ be the principal sl2-triple, where Xi G 0q,v, yi e 0_Q,y are nonzero and 2p G t is 
the sum of positive coroots of G. 

Lemma 10.1. The following numbers are the same: 

(1) dimVev(O), where Ve-^iGi) is the zero weight space under the 2p-action, and is also 
the zero weight space under the T-action; 

(2) dimVgfv, where V/v = ker(ad(e)|V6)v); 

(3) the number of short simple roots of G (the short rank rs{G)); 

(4) ^{W6'^)/h = ^{short roots of G}/h (Here h is the Coxeter number ofW). 

Proof. Under the principal SI2 action, Vgv can be decomposed as a sum of irreducible 
representations of s[2: 

rs{G) 

Ve^ = J2 Sym2^'(Std) 
j=i 
where Std is the 2-dimensional representation of 3(2. Since the weights of the 2p-action on 
Vgv are even, only even symmetric powers of Std appear in V^v. Since each Sym^^'(Std) 
contributes 1-dimension to both V6iv(0) and V^v, we have rs{G) = dimVev(O) = dimV^v. 
This proves the equality of the numbers in (1) and (2). 

Let Vgv (n) be the weight n-eigenspace of the p-action, then 

a^ short, (p,«^)=n 

In particular, dim V6iv(l) is the number of short simple roots of G. The map e : V6iv(0) — )■ 
Vgv(l) is clearly surjective. It is also injective, because if f G Vev(O), ev = means flaYf = 
for all simple a^, i.e., w is a highest weight, contradiction. This proves 

(10.2) dim\/0v(O) = dim\/9v(l) = r,(G). 
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It remains prove (4) is the same as the rest. The argument is similar to that of 
§6.7], where Kostant considered the adjoint representation instead of Vgv. We only give 
a sketch. Let C be a primitive h-th root of unity and let P = p{() G G. Let 7"^ be the 
highest root of G and z = e + x_^v. Then ^ is a regular semisimple element in q, and 
Ad{P)z = Qz. Let Gz be the centralizer of z (which is a maximal torus), then P G Nq{Gz) 
and its image in the Weyl group is a Coxeter element. Choosing a basis Ui for the highest 
weight line in Sym^^'(Std) C V^v, then there exists a unique Vi G Vgv(£i — h) such that 
Uj + f i G Vff^ (kernel of the z-action on Vgv). Then {ui + Vi\i^^^^_^i^Q^^ form a basis of Vgv, 
with eigenvalues C^* under the action of Ad(P). 

The representation Vgv of G is clearly self-dual. According to zero and nonzero weights 
under g^, we can write Vgv = Vqv®V' as N q{G zY'oiodvXQS. Any self-duality V^v = Vq^ of G- 
modules necessarily restricts to a self-duality V/v = (Vgt)* as A^(5(G'2)-modules. Hence the 
eigenvalues of Ad(P) on V^t are invariant under inversion: i.e., the multi-set {C^'}i<j<r4G') i^ 
invariant under inversion. This implies ^j^j = rs{G)h/2. Hence dim V^v = ^j(2£j -|- 1) = 
{h + l)rs{G). Since the nonzero weight spaces of V^v are indexed by short roots of G, hence 
by the orbit WO"^, we get #(1^^"^) = dim V^v - dim V0v(O) = /ir,(G). This proves that (4) 
coincides with the rest of the numbers. 

D 

11. Appendix: The adjoint Schubert variety for G2 

In this section we assume char(A;) > 3. Recall (see tables in [8j) that G2 has four 
nonregular unipotent orbits: 

• the subregular orbit containing a generic element in the unipotent radical of P_e; 
it has dimension 10; 

• the orbit containing U^^, which has dimension 8; 

• the orbit containing U^g, which has dimension 6; 

• the identity orbit, which has dimension 0. 

The G-orbits of Gr<!j^v for G2 turns out to be closely related to these unipotent orbits. 
More precisely. 



Lemma 11.1. (1) There are four Ad{G)- orbits on Gr 



triv 

<7^' 



Gr*<7v = Gr,,br \_\ Ad{G)U^^^_, \_\ Gr*^ LJ{^} 

of dimensions 10,8,6 and respectively, which, under the evaluation map ev^^i, 
map onto the four nonregular unipotent orbits. 
(2) The morphism 

u-.G^'xi II Up^.r) ^ GrJ^v 
(/9,-ev)>i 



{g,\{up{cpT-^)) ^ M{g){Wup{cpT-^)) 



is a resolution. Its fibers over the G-orbits are: 
• V is an isomorphism over Grgubr/ 
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• u ^{u^ei^T ^)) is a projective cone overP^ (it contains a point, whose comple- 
ment is a line bundle over P^); 

(3) The morphism 

defined similarly as v, is a resolution of the closure of Ad{G)U^^_i. Its fibers over 
the G-orbits are: 

• V is an isomorphism over K(i{G)U^ i; 

• v-\u.e{T-')) = P\- 

• zy-^W = G/P^^. 

Proof of Theorem\^2) for G = G2- By the same reduction steps as in the case of other 
types, we reduce to showing 

(11.2) Xc(Gr;T'"=°,evV) = -r,(G) = -1. 

Step I. Xc((Ad(G)f/_\_i)'^=o,evV) = -1. 

For any short root f3, let Vg = Il/fl' flv\>2 ^^',-i- Then the source of u' has a Bruhat 
decomposition 

G ^x V_^ = \J Ad{U)Vp. 

P short root 

The following Claim can be proved similarly as the claim in §5.61 
Claim. For a short root P, 

, K ^,Tr-.-,r-^ 9 * xN I $>9 contains a simple root 
Xc(Ad(f/)\// ^,evV) = r ^2 _ 

I 1 otherwise. 

Looking at the root system 6*2 , there are 3 short roots /3 such that $>2 does not contain 

a simple root. Therefore Xc((G^ x ^-7)""'', i^'*ev* J) = 3. On the other hand, by Lemma 
111.1( 3). we have 



P- 



3 = Xc{{G xV^^Y=\v'*eY\J) 

= XciG/P^,) + Xc{P')Xc{Gt'^^'^=', ev*J) + Xc{{Ad{G)U^^^_,r=', ev* J) 

Plugging in Xc{G/P-^) = i^W/W^^ = 6, Xc(P^) = 2 and Xc(Gr*7'"=°,ev*J) = -1 from 
the proof of Theorem iKl), we conclude that Xc((Ad(G)t/_!'^ _i)''=°,ev*J) = -1. 
StepII. Xc(Grrb°r,evV) = 0. 

For any long root a, let Va = Ylia' a'-^)>i ^a',-i- Then the source of z/ has a Bruhat 
decomposition 

G "x' V.e = U Ad{U)Va. 

a long root 

The following Claim can be proved similarly as the claim in §5.61 
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Claim. For a long root a, 

/A i/rrNT^> f) * T\ |0 '^>i contains a simple root 
XciAd{U)V>-',ev*J) = \ f . 

I 1 otherwise. 

Looking at the root system G2, a = —9 is the only long root for which $>^ does not 

P-e 

contain a simple root. Therefore Xc{{G x V-eY ,i^*ev*J) = 1. On the other hand, by 
Lemma [11.1( 2). we have 

1 = Xc((G''xV_er=°,z/*evV) 

= Xc{G/P-e) + Xc(P')Xe((Ad(G)t/_\_i)'^=°, evV) 

Plugging in XciG/P^e) = i^W/Wg = 6, Xc{P') = 2, Xciiy-^u^eir-^))) = 3 from Lemma 
[TrTr2). Xc((Ad(G')t/^^^_i)'^=o,ev*J) = -1 from Step I, and Xc(Gr*r'"=°,ev*J) = -1 from 
the proof of Theorem |1](1), we conclude that Xc(Grgj^°,ev*J) = —1. 

Combining Step I and II, since Gryi"'"=° = GT'^=^^U{Ad{G)U^^_^Y='^, we get ^T^. 
This proves Theorem 111^2) in the case of G2- □ 
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